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SOME CONSTRUCTIONS OF FORMALLY SELF-ADJOINT
CONFORMALLY COVARIANT POLYDIFFERENTIAL
OPERATORS
JEFFREY S. CASE, YUEH-JU LIN, AND WEI YUAN
Abstract. We introduce the notion of formally self-adjoint conformally co-
variant polydifferential operators and give some constructions of families of
such operators. In one direction, we show that any homogeneous confor-
mally variational scalar Riemannian invariant (CVI) induces one of these op-
erators. In another direction, we use the ambient metric to give alternative
constructions of certain operators produced this way, one of which is a formally
self-adjoint, fourth-order, conformally covariant tridifferential operator which
should be regarded as the simplest fully nonlinear analogue of the Paneitz
operator.
1. Introduction
The GJMS operators L2k [21] are a family of conformally covariant differential
operators with leading-order term (−∆)k defined on Riemannian manifolds of di-
mension n ≥ 2k. The conformal Laplacian L2 and the Paneitz operator L4 are
special cases of particular interest. Due to their conformal invariance, these opera-
tors appear in many related contexts, including the Yamabe Problem (e.g. [27]), the
problem of prescribing Branson’s Q-curvatures (e.g. [10, 24]), the determination of
the sharp constant in the Sobolev inequality controlling the continuous embedding
W k,2(Sn) ⊂ L
2n
n−2k (Sn), n > 2k (e.g. [1, 2]), and as intertwining operators in the
spherical principal series representations for SO0(n+ 1, 1) (e.g. [2]).
Branson’s Q-curvatures [2] are, roughly speaking, the zeroth-order terms of the
GJMS operators. Another interesting family of scalar Riemannian invariants are
the renormalized volume coefficients vk [19]. When k ≤ 2 or the underlying man-
ifold is locally conformally flat, these reduce to the σk-curvatures [20, 33]. The
interest in the renormalized volume coefficients stems from the fact that they are
variational within conformal classes and well-behaved at Einstein metrics [8, 9, 20],
give rise to a family of sharp fully nonlinear Sobolev inequalities [23], and, at least
when they reduce to the σk-curvatures, the associated Yamabe-type problem can be
solved [23, 32]. For our purposes, the primary difference between the Q-curvatures
and the renormalized volume coefficients is that their conformal transformations
are controlled by linear and fully nonlinear operators, respectively.
In our previous work [5], we showed that many similarities between the ap-
proaches to prescribing the Q-curvatures and the σk-curvatures, such as local sta-
bility and rigidity results, are general features of conformally variational invariants
(CVIs); see also [18] for a general treatment of Kazdan–Warner obstructions. A
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CVI is a natural Riemannian scalar invariant L— meaning it is given by a formula
which is a linear combination of complete contractions of tensor products of the
Riemannian metric, its inverse, the Riemann curvature tensor, and its covariant
derivatives — which is homogeneous in the metric and variational within confor-
mal classes. Homogeneity means that there is a w ∈ R, called the weight, such
that Lc
2g = cwLg for all metrics g and all positive constants c; if L is not identi-
cally zero, then w ∈ −2N0. A natural Riemannian scalar invariant L is variational
within conformal classes if there is a functional S such that
d
dt
∣∣∣∣
t=0
S
(
e2tΥg
)
=
∫
M
ΥLg dvolg
for all Riemannian manifolds (M, g) and all Υ ∈ C∞0 (M). Equivalently, L is vari-
ational if the conformal linearization ∂∂t
∣∣
t=0
Le
2tΥg is formally self-adjoint for all
metrics g [5].
The primary purpose of this article is to show that given any CVI L, there is
a formally self-adjoint conformally covariant polydifferential operator D which is
naturally associated to L, in the sense that the formula for Le
2Υg can be written
entirely in terms of D and related objects. This relation is captured precisely
in (1.5) and (1.6) below, and a precise existence statement is given in Theorem 1.6.
Here a polydifferential operator is a multilinear operator on smooth functions with
the property that fixing all but one input yields a differential operator of finite
order. In fact, if L has weight −2k, then this restriction will have order at most 2k.
This work is motivated by the recent discovery of some useful formally self-
adjoint conformally covariant polydifferential operators. On the one hand, Case and
Wang [6] constructed such operators associated to the σk-curvatures in the varia-
tional cases and used them to study the Dirichlet problem on manifolds with bound-
ary. On the other hand, the Q′-curvature in CR geometry [7, 25] is a local pseu-
dohermitian invariant of order 2n defined on pseudo-Einstein (2n− 1)-dimensional
manifolds which transforms quadratically under change of contact form:
(1.1) enΥQ′eΥθ = Q
′
θ + P
′
θ(Υ) +
1
2
Pθ(Υ
2).
Its importance stems from the fact that the total Q′-curvature has properties anal-
ogous to the total Q-curvature of an even-dimensional Riemannian manifold. In
the terminology to be introduced below, the polarization of Υ 7→ Pθ(Υ
2) is the CR
covariant bidifferential operator associated to Q′. The limiting case of (1.6) below
shows that, in the critical dimension, a formula similar to (1.1) holds between all
CVIs and the conformally covariant operators associated to them.
There are some other constructions of conformally covariant polydifferential op-
erators in the literature, especially in the conformally flat category. In dimension
two, one has the well-known (tridifferential) Schwarzian derivative and the (bidif-
ferential) Rankin–Cohen bracket [14, 30]. More generally, for all but finitely many
possible choices of weights, Ovsienko and Redou [29] classified conformally covari-
ant bidifferential operators on round spheres of any dimension. The restriction on
the weights was removed by Clerc [12, 13] as part of his detailed study of confor-
mally covariant trilinear forms. We are not aware of constructions of conformally
covariant polydifferential operators of higher rank (i.e. which are not linear) on
general manifolds in the literature. As discussed further below, we show that the
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subfamily of formally self-adjoint operators in the Ovsienko–Redou classification
exist on all Riemannian manifolds of sufficiently large dimension.
We now state our results more explicitly. In order to have more economical
terminology, we introduce a few definitions.
Definition 1.1. Let ℓ ∈ N0. A natural ℓ-differential operator is an operator
D :
(
C∞(M)
)ℓ
→ C∞(M) defined on any Riemannian manifold (Mn, g) of suf-
ficiently large dimension such that D(u1, . . . , uℓ) can be expressed as a linear com-
bination of complete contractions of tensor products of covariant derivatives of the
functions uj , 1 ≤ j ≤ ℓ, the Riemannian metric, its inverse, the Riemann curvature
tensor and its covariant derivatives.
A natural polydifferential operator is an operator which is a natural ℓ-differential
operator for some ℓ ∈ N.
Note that a natural 0-differential operator is a natural scalar Riemannian invari-
ant. Fixing all but one of the inputs of a natural polydifferential operator yields a
(linear) differential operator.
In what follows, given a natural polydifferential operator D, we shall always
assume that we restrict to Riemannian manifolds of a dimension on which D is
defined. In practice, we will study natural polydifferential operators which are ho-
mogeneous of degree−2k in g and defined on all Riemannian manifolds of dimension
n ≥ 2k.
Definition 1.2. A natural ℓ-differential operator D is conformally covariant if for
any n ∈ N, there are constants a, b ∈ R such that
(1.2) De
2Υg(u1, . . . , uℓ) = e
−bΥDg(eaΥu1, . . . , e
aΥuℓ)
for all Riemannian manifolds (Mn, g) and all Υ, u1, . . . , uℓ ∈ C
∞(M). We call (a, b)
the bidegree of D.
In particular, conformally covariant operators are homogeneous in the metric.
Definition 1.3. A natural ℓ-differential operatorD is formally self-adjoint if for ev-
ery Riemannian manifold (Mn, g) and every u0, . . . , uℓ ∈ C
∞(M) such that u0 · · ·uℓ
has compact support, the map
(u0, . . . , uℓ) 7→
∫
M
u0D(u1, . . . , uℓ) dvolg
is symmetric.
The bidegree of a formally self-adjoint conformally covariant operator is deter-
mined entirely by its degree of homogeneity; see Lemma 3.7.
Definition 1.4. Let L be a CVI of weight −2k. A natural ℓ-differential operator
D recovers L if
(1) for all Riemannian manifolds of dimension n > 2k,
(1.3) D(1, . . . , 1) =
(
n− 2k
ℓ+ 1
)ℓ
L;
(2) for all Riemannian manifolds (M, g) of dimension n = 2k,
(1.4)
1
ℓ!
∂ℓ
∂tℓ
∣∣∣∣
t=0
entΥLe
2tΥg = D(Υ, . . . ,Υ)
for all Υ ∈ C∞(M).
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Putting these definitions together yields the operators we study in this article.
Definition 1.5. Let L be a CVI. A natural ℓ-differential operator is associated to
L if it is conformally covariant, formally self-adjoint and recovers L.
For operators D which recover a CVI L, the assumptions of Definition 1.4 in
noncritical dimensions n > 2k and critical dimension n = 2k are closely related.
On the one hand, the bidegree is determined by L, and hence (1.3) is equivalent to
(1.5)
(
n− 2k
ℓ+ 1
)ℓ
e
nℓ+2k
ℓ+1 tΥLe
2tΥg = D
(
e
n−2k
ℓ+1 tΥ, . . . , e
n−2k
ℓ+1 tΥ
)
for all smooth functions Υ and all t ∈ R. Taking j, 1 ≤ j ≤ ℓ, derivatives in t and
evaluating at zero implies that there is a j-differential operator Lℓ+1j such that
D(u1, . . . , uj , 1, . . . , 1) =
(ℓ− j)!
ℓ!
(
n− 2k
ℓ+ 1
)ℓ−j
Lℓ+1j (u1, . . . , uj)
for all smooth functions u1, . . . , uj; we have normalized this so that L
ℓ+1
0 = L. By
treating n−2kℓ+1 as a formal variable in (1.5), we deduce that
(1.6) e
nℓ+2k
ℓ+1 ΥLe
2Υg
=
ℓ∑
j=0
1
j!
Lℓ+1j (Υ, . . . ,Υ) +O
(
n− 2k
ℓ+ 1
)
.
Taking the limit n → 2k in (1.6) yields a relationship analogous to (1.1); differen-
tiating the result of this limit yields (1.4). That is, we can regard (1.4) as a special
case of (1.3) via Branson’s method of analytic continuation in the dimension [2]. See
Section 3 for an alternative explanation of the relationship between (1.3) and (1.4).
Our main result is that given any CVI of weight −2k, one can find an associated
j-differential operator for some integer 0 ≤ j ≤ 2k − 1. Indeed:
Theorem 1.6. Let L be a CVI of weight −2k. There is an integer 1 ≤ j ≤ 2k
such that
(1) there is a (j − 1)-differential operator associated to L; and
(2) for any 1 ≤ ℓ < j − 1, there does not exist an ℓ-differential operator asso-
ciated to L.
We call the integer j of Theorem 1.6 the rank of L. Note that if L is a CVI of
rank j and D is a (j − 1)-differential operator associated to L, then the Dirichlet
form D associated to D,
(1.7) D(u1, . . . , uj) :=
∫
M
u1D(u2, . . . , uj) dvolg,
is a conformally covariant symmetric j-linear form; i.e. D is symmetric in its argu-
ments and
D
e2Υg(u1, . . . , uj) = D
g
(
e
n−2k
j
Υu1, . . . , e
n−2k
j
Υuj
)
for all Υ, u1, u2, . . . , uj ∈ C
∞(M) and all metrics g on M , where −2k is the weight
of L.
There are a number of remarkable features of Theorem 1.6:
Theorem 1.6 immediately produces many conformally covariant formally self-
adjoint polydifferential operators. Indeed, given k ∈ N and n ≥ 2k, our previous
work [5] establishes a one-to-one correspondence between CVIs of weight −2k and
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elements of Rn2k/ im δ, where R
n
2k is the space of natural Riemannian scalar in-
variants of weight −2k on n-dimensional manifolds and im δ is the image of the
divergence operator. When combined with our proof of Theorem 1.6, this gives an
algorithm for constructing all formally self-adjoint conformally covariant polydif-
ferential operators associated to a CVI.
One obtains some striking facts about the rank of a CVI from Theorem 1.6 and
its proof. The conformal transformation formulae for the Riemann curvature tensor
and its covariant derivatives suggest that a generic CVI of weight −2k should have
rank 2k + 1. Instead, Theorem 1.6 implies that every CVI has rank at most 2k.
Moreover, the proof of Theorem 1.6 shows that if L1 and L2 are two CVIs of weight
−2k and rank 2k, then there is a nontrivial linear combination of L1 and L2 of rank
at most 2k− 1. As we will see in Section 5, the renormalized volume coefficient vk
has rank 2k. Lemma 3.6 below then implies that up to the addition of a multiple
of vk, every CVI of weight −2k has rank at most 2k− 1; i.e. modulo vk, every CVI
is not maximally nonlinear.
In critical dimensions, Theorem 1.6 provides a new conformal primitive for any
CVI. Recall that if L is a CVI of weight−2k and (M2k, g) is a closed 2k-dimensional
Riemannian manifold, then
(1.8) S(e2ug) :=
∫ 1
0
∫
M
u′sL(gs) dvolgs ds
is a conformal primitive for L, where gs := e
2usg is a one-parameter family of
metrics connecting g0 = g to g1 = e
2ug and u′s :=
∂
∂sus; typically one takes us = su
(cf. [4, 5]). One can check that the definition of S is independent of the chosen
path, analogous to the Mabuchi functional [28] in Ka¨hler geometry. Theorem 1.6
gives a manifestly path independent formula for S.
Corollary 1.7. Let L be a CVI of weight −2k and let (M2k, g) be a closed Rie-
mannian manifold. Then the functional (1.8) is equivalently written as
S(e2ug) =
2k−1∑
j=0
1
(j + 1)!
∫
M
uLjj(u, . . . , u) dvol,
where Ljj and dvol are determined by g.
The operators Ljj of Corollary 1.7 are the same as those appearing in the limit
n → 2k of (1.6), with the extra observation that Lℓ+1j = L
j
j in dimension n = 2k;
see Section 4. Note that Corollary 1.7 recovers the well-known [2] fact that
S(e2ug) :=
∫
M2k
(
1
2
uL2ku+Q2ku
)
dvol
is a conformal primitive for Branson’s Q-curvature Q2k of order 2k on closed
Riemannian 2k-dimensional manifolds, where L2k is the GJMS operator of order
2k [21]. Corollary 1.7 also recovers the conformal primitive for the σ2-curvature
identified by Chang and Yang [11] and an alternative to the conformal primitive
for the σ3-curvature on locally conformally flat manifolds found by Branson and
Gover [3].
While Theorem 1.6 establishes a correspondence between formally self-adjoint
conformally covariant polydifferential operators and CVIs, it is not so simple to
explicitly write down a formula, or even an ambient formula, for the operator
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associated to a given CVI. For this reason, we give four explicit constructions of
formally self-adjoint conformally covariant polydifferential operators.
First, we describe the conclusion of Theorem 1.6 for well-studied CVIs. It is clear
that a CVI has rank 1 if and only if it is conformally invariant, while the conformal
covariance of the GJMS operators [21] implies that Branson’s Q-curvatures [2] all
have rank 2. For any k ∈ N, the k-th renormalized volume coefficient, which is a
CVI of weight −2k (see [8, 20]), has rank 2k. By using an observation of Case and
Wang [6], we give a formula for the operator associated to vk on any flat manifold;
see Section 5. When k ≤ 3, this expression also gives an ambient formula for the
operator associated to vk; see Section 6 for details and a brief discussion of the case
k ≥ 4.
Second, we give a two-parameter family of formally self-adjoint conformally co-
variant tridifferential operators of order four which are homogeneous of degree −6
in the metric; that is, all members of our family have the property that the linear
operator obtained by fixing all but one of the inputs is fourth-order. These opera-
tors are defined using the ambient metric and lead to the following nice basis for the
four-dimensional space of CVIs of weight −6 on locally conformally flat manifolds:
Theorem 1.8. Let (Mn, g), n 6= 1, 2, 4, be a Riemannian manifold and define
I1 = −∆J
2 +
n− 6
3
J3 +
2(n+ 2)2
n− 2
v3,
I2 = −∆σ2 − δ (T1(∇J)) + (n− 6)Jσ2 +
3(n2 + 8n− 4)
2(n− 2)
v3,
where P is the Schouten tensor, J = trP is its trace, σ2 =
1
2 (J
2 − |P |2) is the
σ2-curvature, and T1 := Jg − P is the first Newton tensor. Then I1, I2 are CVIs
of weight −6 and rank 4. Moreover, {Q6, I1, I2, v3} forms a basis for the space of
CVIs of weight −6 on locally conformally flat manifolds.
Recall that the space of CVIs of weight −6 is ten-dimensional, but the subspace
of CVIs which vanish on any locally conformally flat manifold is six-dimensional [5].
We find the invariant I2 of Theorem 1.8 particularly interesting as a generalization
of the σ2- and Q4-curvatures, in the sense that I2 (resp. Q4) is the Laplacian of
the rank 4 CVI σ2 (resp. rank 2 CVI σ1) plus lower order terms. See Section 7 for
details.
Third, we identify a special subfamily D2k of the conformally covariant bidiffer-
ential operators found by Ovsienko and Redou [29] which are likely to be formally
self-adjoint. Indeed, we give a new formula for these operators which are tangential
and manifestly formally self-adjoint in the ambient space of any Riemannian man-
ifold of dimension n ≥ 2k, thereby finding the curved analogues of this subfamily
of the Ovsienko–Redou operators. We also verify that D2k is formally self-adjoint
when k ≤ 2, indicating that D2k should be formally self-adjoint for all k. See
Section 8 for details.
Fourth, we give an ambient construction of formally self-adjoint conformally
covariant ℓ-differential operators of critical order with ℓ ≡ 3 mod 4 or, assuming
the formal self-adjointness of the curved Ovsienko–Redou operators, ℓ ≡ 5 mod 6.
These constructions complement Theorem 1.6 by illustrating the wide variety of
ranks and orders of CVIs. Our construction relies in a crucial way on the fact that
formally self-adjoint conformally covariant operators act on densities of weight zero
in the critical dimension; the generalization to noncritical dimensions involves a
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messy combinatorial problem which is better considered elsewhere. See Section 9
for details.
This article is organized as follows: In Section 2 we recall some necessary facts
about CVIs. In Section 3 we define polydifferential operators and discuss some of
their important algebraic properties. In Section 4 we describe our algorithm for
constructing operators associated to a CVI and use it to prove Theorem 1.6. In
Section 5 we discuss the examples of conformal invariants, Branson’s Q-curvatures,
and the renormalized volume coefficients. In Section 6 we give an ambient formula
for the operators associated to the σ1-, σ2-, and v3-curvatures. In Section 7 we
describe our family of formally self-adjoint conformally covariant tridifferential op-
erators of total order six and prove Theorem 1.8. In Section 8 we construct the
curved Ovsienko–Redou operators and discuss their formal self-adjointness. In Sec-
tion 9 we describe formally self-adjoint conformally covariant differential operators
in critical dimensions which take a variety of ranks and total orders.
2. Background
Our proof of Theorem 1.6 relies on the infinitesimal characterization of CVIs [3].
To explain this we first recall the definition [5] of a CVI.
Definition 2.1. A CVI of weight −2k is a natural Riemannian scalar invariant L
which is homogeneous of degree −2k and has the property that there is a Riemann-
ian functional S : C→ R such that
∂
∂t
∣∣∣∣
t=0
S(e2tΥg) =
∫
M
LgΥ dvolg
for all conformal manifolds (Mn,C), all metrics g ∈ C, and all Υ ∈ C∞(M).
Recall here that, in terms of Definition 1.1, a natural Riemannian scalar invariant
is a natural 0-differential operator. The functional S in Definition 2.1 is a conformal
primitive for L. We say a functional S is Riemannian if S(φ∗g) = S(g) for all
Riemannian manifold (M, g) and all diffeomorphisms φ : M →M .
Denote by M the space of Riemannian metrics on a given smooth manifold. The
existence of a conformal primitive can be characterized in terms of the infinitesimal
conformal variation of L:
Lemma 2.2 ([3, Lemma 2]). Let L be a natural Riemannian scalar invariant which
is homogeneous of degree −2k. Given g ∈M, define S : C∞(M)→ C∞(M) by
S(Υ) =
∂
∂t
∣∣∣∣
t=0
e2ktΥL(e2tΥg).
Then S(1) = 0. Moreover, S is formally self-adjoint if and only if L is a CVI.
Our explicit constructions of formally self-adjoint conformally covariant polydif-
ferential operators all require the Fefferman–Graham ambient space [16]. Here we
recall the definition and some required properties of this space.
Let (Mn, g), n ≥ 2, be a Riemannian manifold. Let G be the trivial R+-bundle
over M corresponding to the conformal class of g; i.e. G = R+ ×M with points
(t, x) ∈ G identified with the pair (x, t2gx). Denote by π : G → M the projection
π(t, x) = x. The canonical metric on G is the metric g(t,x)(Y, Z) = t
2gx(π∗Y, π∗Z).
Note that g is degenerate. Given s > 0, we define the dilation δs : G → G by
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δs(t, x) = (st, x). Note that δ
∗
sg = s
2
g. Denote by X the infinitesimal generator of
δs.
The ambient space is G˜ := G × (−1, 1). We denote points in G˜ as triples (t, x, ρ)
and define ι : G → G˜ by ι(t, x) = (t, x, 0). We extend δs and X to G˜ in the obvious
way. An ambient metric is a Lorentzian metric g˜ on G˜ such that
(1) δ∗s g˜ = s
2g˜ for all s > 0;
(2) ι∗g˜ = g; and
(3) Ric(g˜) = O(ρ∞) if n is odd; Ric(g˜) = O+(ρn/2−1) if n is even.
Here a symmetric (0, 2)-tensor field T on G˜ belongs to O+(ρk) if T ∈ O(ρk) and
for each (t, x) ∈ G, it holds that (ι∗(ρ−kT ))(t, x) = π∗S for some symmetric (0, 2)-
tensor at x such that trgx S = 0. Fefferman and Graham [16] proved that ambient
metrics exist and are unique modulo diffeomorphism fixing ι(G) and terms of order
O(ρ∞) if n is odd or order O+(ρn/2) if n is even. Indeed, they recursively con-
structed a formal power series solution to the equation Ric(g˜) = 0 to the claimed
order. For later computations we require the following information about the first
few terms in the expansion of the ambient metric.
Lemma 2.3. Let (Mn, g), n 6= 1, 2, 4, be a Riemannian manifold. The straight
ambient extension is
(2.1) g˜ = 2ρ dt2 + 2t dt dρ+ t2gρ,
where
gρ = g + 2ρP + ρ
2
(
P 2 −
1
n− 4
B
)
+ o(ρ2),
trg gρ = n+ 2ρJ + ρ
2|P |2 −
4
3(n− 4)
ρ3〈B,P 〉+O(ρ4),
(2.2)
where P is the Schouten tensor, J is its trace, and B = δdP + 2W · P is the
generalized Bach tensor.
Lemma 2.3 is a compilation of multiple facts from [16]. The coefficients of ρ and
ρ2 in (2.2) come from [16, Equation (3.6)] and [16, Equation (3.18)], respectively.
The order of the next term in the first expansion in (2.2) allows for the possibility
that n = 6, where there is a term at order ρ2 log ρ corresponding to the obstruction.
The second expansion in (2.2) uses the fact that the obstruction tensor is trace-
free [16, Theorems 3.8 and 3.10].
We require two consequences of Lemma 2.3. First, the vector field X is parallel,
and in particular
(2.3) R(X, ·, ·, ·) = 0.
Second, we have the following local formula for certain ambient operators.
Lemma 2.4. Let (Mn, g), n 6= 1, 2, 4, be a Riemannian manifold and let (G˜, g˜)
be its straight ambient extension. Let w, µ ∈ R, and u ∈ C∞(M × (−1, 1)), and
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u˜ = tµu ∈ C∞(G˜). Then
|∇˜tw|2 = 0,(2.4)
δ˜
(
u˜ d˜tw
)
= wtw+µ−2
(
∂ρu+ Ju− ρ|P |
2u+ ρ2Y u
)
+ o(ρ2),(2.5)
∆˜u˜ = tµ−2
[
−2ρ∂2ρu+ (n+ 2µ− 2− 2ρJ + 2ρ
2|P |2)∂ρu+∆ρu(2.6)
+ µ
(
J − ρ|P |2 + ρ2Y
)
u
]
+ o(ρ2),
∇˜2tw = w(w − 1)tw−3dt⊗ ∂ρ + wt
w−2U + o(ρ).(2.7)
Here Y is the scalar
(2.8) Y = trP 3 +
1
n− 4
〈B,P 〉,
∆ρ is the Laplacian of the metric gρ,
(2.9) ∆ρ = ∆+ ρ [δ(Jg − 2P )d− J∆] + o(ρ),
and U is the one-parameter family
(2.10) U = P − ρ
(
P 2 +
1
n− 4
B
)
∈ Γ (T ∗M ⊗ TM)
of sections of T ∗M ⊗ TM .
Proof. It follows immediately from Lemma 2.3 that
log
det gρ
det g
= 2ρJ − ρ2|P |2 +
2
3
ρ3Y + o(ρ3),(2.11)
g˜−1 = 2t−1∂t∂ρ − 2ρt
−2∂ρ∂ρ(2.12)
+ t−2
(
gij − 2ρP ij + ρ3
(
3P ikP jk +
1
n− 4
Bij
))
+ o(ρ2).
In particular, (2.12) implies that for any w ∈ R, the vector field dual to dtw is
wtw−2∂ρ. This yields (2.4). Moreover, combining (2.11) and (2.12) with the coor-
dinate formula for the inverse yields (2.5) and (2.6). Finally, using Lemma 2.3 to
compute the Christoffel symbols of g˜ yields (2.7). 
A natural way to describe conformally covariant operators is through conformal
density bundles. Let (G˜, g˜) be the ambient space of a Riemannian manifold (Mn, g).
Given w ∈ R, let
E˜ [w] :=
{
u ∈ C∞(G˜)
∣∣∣ Xu = wu}
denote the space of ambient functions which are homogeneous of degree w with
respect to the dilations δs. The conformal density bundle of weight w is obtained
by restricting E˜ [w] to G,
E [w] :=
{
u|G
∣∣∣ u ∈ E˜ [w]} .
A conformal density of weight w is an element of E [w]. Note that if u is a conformal
density of weight w, then
(2.13) u
(
x, (e2Υg)x
)
= ewΥ(x)u(x, gx)
for all x ∈M and all Υ ∈ C∞(M). Given f ∈ C∞(M), define
u(x, t2gx) := t
wf(x).
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This gives a g-dependent identification C∞(M) ∼=g E [w]. A different element ĝ
of the conformal class [g] gives a different identification C∞(M) ∼=ĝ E [w], and the
relation between the identifications ∼=g and ∼=ĝ is easily determined from (2.13).
One can construct conformally covariant operators on (M, g) by finding tangen-
tial operators in its ambient space.
Definition 2.5. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. A differential operator L˜ : E˜ [w]→ E˜ [w′] is tangential if the map
E˜ [w] ∋ u 7→ L˜(u)|G ∈ E [w
′]
depends only on u|G ∈ E [w].
In particular, if L˜ is tangential, it induces a differential operator L : E [w] →
E [w′]. Let Lg : C∞(M) → C∞(M) be the operator determined by L using the
identifications E [w] ∼=g C
∞(M). It follows from (2.13) that
Le
2Υg = ew
′Υ ◦ Lg ◦ e−wΥ,
where ew
′Υ, ewΥ are regarded as multiplication operators. In particular, Lg is a
conformally covariant operator. A similar relationship holds between tangential
polydifferential operators in (G˜, g˜) and conformally covariant polydifferential oper-
ators on (M, g); see Section 6.
Since Q := |X |2 ∈ E˜ [2] is a defining function for G — that is, Q−1(0) = G and
dQ|G 6= 0 — we have an easy way to determine if an operator L˜ : E˜ [w] → E˜ [w
′] is
tangential.
Lemma 2.6. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. A differential operator L˜ : E˜ [w]→ E˜ [w′] is tangential if and only if
(2.14) L˜(Qz) ≡ 0 mod Q
for all z ∈ E˜ [w − 2].
Proof. It is clear that if L˜ is tangential, then (2.14) holds for all z ∈ E˜ [w − 2].
Conversely, suppose that (2.14) holds for all z ∈ E˜ [w−2]. Let u1, u2 ∈ E˜ [w] be such
that u1|G = u2|G . Since Q is a defining function for G, it holds that u1 − u2 = Qz
for some z ∈ E˜ [w − 2]. Since L˜ is linear, we compute that
L˜(u1)|G = L˜(u2)|G + L˜(Qz)|G = L˜(u2)|G .
Therefore L˜ is tangential. 
Graham, Jenne, Mason and Sparling [21] proved the commutator formula
(2.15) [∆˜k, Q] = 2k∆˜k−1(2X + n+ 4− 2k)
to show that the operator (−∆˜)k is tangential on E˜
[
−n−2k2
]
. In Sections 7–9, we
show that certain ambient operators are tangential by using (2.14), (2.15), the fact
∇˜Q = 2X , and its consequences
δ˜
(
u d˜(Qv)
)
= Qδ˜
(
u d˜v
)
+ 2(v Xu+ 2uXv + (n+ 2)uv),(2.16)
δ˜
(
Qu d˜v
)
= Qδ˜
(
u d˜v
)
+ 2uXv.(2.17)
for all u, v ∈ C∞(G˜).
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3. Some facts about polydifferential operators
In order to construct conformally covariant polydifferential operators on Rie-
mannian manifolds, we must first introduce a number of useful concepts and nota-
tions. We begin by discussing polydifferential operators.
Given a smooth manifold M , we denote by M the space of Riemannian metrics
on M . Given also a nonnegative integer k ∈ N0, we denote by Lk the space of
k-multilinear maps D from
(C∞(M))
k
:= C∞(M)× · · · × C∞(M)︸ ︷︷ ︸
k copies
to C∞(M) which act as differential operators on each of their inputs, with the
convention that elements of L0 are smooth functions on M .
There are a number of ways to construct elements of Lk. We begin by describing
two distinct ways to regard a function as a multiplication operator.
The first method is to multiply in all components.
Definition 3.1. Let k ∈ N0 and φ ∈ C
∞(M). The multiplication operator
φ : (C∞(M))
k
→ (C∞(M))
k
is given by
φ(u1, . . . , uk) := (φu1, . . . , φuk)
for all u1, . . . , uk ∈ C
∞(M).
Note that if φ, ψ ∈ C∞(M) and D ∈ Lk, then composition yields a new operator
φ ◦D ◦ ψ ∈ Lk,
(3.1) (φ ◦D ◦ ψ) (u1, . . . , uk) := φD (ψu1, . . . , ψuk)
for all u1, . . . , uk ∈ C
∞(M).
The second method is by summing over all choices of multiplying in only one
component.
Definition 3.2. The action of φ ∈ C∞(M) on D ∈ Lk is the operator φ∗D ∈ Lk
given by
(φ ∗D) (u1, . . . , uk) :=
k∑
j=1
D (u1, . . . , φuj , . . . , uk)
for all u1, . . . , uk ∈ C
∞(M).
We also need the analogue of the interior product.
Definition 3.3. The contraction of φ ∈ C∞(M) into D ∈ Lk is the operator
D(φ) ∈ Lk−1 given by
D(φ) (u1, . . . , uk−1) := D (φ, u1, . . . , uk−1)
for all u1, . . . , uk−1 ∈ C
∞(M).
These methods can be combined. For example, if φ, ψ ∈ C∞(M) and D ∈ Lk,
then one obtains elements of Lk−1 by
(φ ∗D(ψ)) (u1, . . . , uk−1) :=
k−1∑
j=1
D(ψ, u1, . . . , φuj , . . . , uk−1)
for all u1, . . . , uk−1 ∈ C
∞(M). Note that
(3.2) (φ ∗D)(ψ) = D(φψ) + φ ∗D(ψ).
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We now specialize to natural polydifferential operators in the sense of Defini-
tion 1.1, and denote by Pk and P the spaces of natural k-differential operators
and natural polydifferential operators, respectively. Given a Riemannian manifold
(Mn, g) and an operator D ∈ Pk, we denote by D
g the element of Lk determined
by g. When the metric g is clear by context, we often omit the superscript.
Recall from Definition 1.3 that an element D ∈ Pk is formally self-adjoint if for
all smooth manifolds M and all g ∈ M, the map(
C∞(M)
)k+1
0
∋ (u0, . . . , uk) 7→
∫
M
u0D(u1, . . . , uk) dvol
is symmetric in its arguments, where(
C∞(M)
)k+1
0
:=
{
(u0, . . . , uk) ∈
(
C∞(M)
)k+1 ∣∣∣ supp (u0 · · ·uk) is compact} .
Note that D is symmetric in its arguments if it is formally self-adjoint. We denote
by Fk ⊂ Pk the set of all formally self-adjoint natural k-differential operators, and
by F the set of all formally self-adjoint natural polydifferential operators.
Note that contraction with a constant, in the sense of Definition 3.3, yields a
map from Fk+1 to Fk.
Definition 3.4. Fix k ∈ N0. The interior operation Ik+1 : Fk+1 → Fk is defined
by
Ik+1(D)(u1, . . . , uk) := D(1, u1, . . . , uk)
for all D ∈ Fk and all u1, . . . , uk ∈ C
∞(M).
An operator D ∈ Fk annihilates constants if D ∈ ker Ik.
The homogeneity of CVIs implies that the polydifferential operators constructed
from CVIs are also homogeneous.
Definition 3.5. An operator D ∈ Fk is homogeneous of weight w ∈ R if D
c2g =
cwDg for all g ∈M and all constants c > 0. We denote by
F
w
k = {D ∈ Fk | D is homogeneous of weight w} .
Note that the interior operation restricts to a map from Fwk+1 to F
w
k .
The weight provides a useful organizational tool for classifying natural Riemann-
ian polydifferential operators. Of particular importance are the facts that the weight
of a nonzero element D ∈ Pk is a nonpositive even integer and that there is a sharp
upper bound on the weight of a nonzero operator which annihilates constants.
Lemma 3.6. Fix k ∈ N0 and w ∈ R.
(1) If w 6∈ −2N0, then F
w
k = {0}.
(2) If w ≥ −k, then Fwk ∩ ker Ik = {0}.
(3) If k is odd, then F−k−1k ∩ ker Ik is spanned by the operator
(3.3) L(u1, . . . , uk) :=
∑
σ∈Sk
δ
(
〈∇uσ(1),∇uσ(2)〉 · · · 〈∇uσ(k−2),∇uσ(k−1)〉 duσ(k)
)
.
Proof. The Levi-Civita connection and the Riemann curvature tensor Rijk
l both
have weight 0, while the inverse metric gij has weight −2. It follows from the
definition of naturality that if Fwk 6= {0}, then w must be a nonpositive even
integer. This proves the first assertion.
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Suppose now that D ∈ Fwk ∩ ker Ik for some w ≥ −k. In particular, D(1) = 0.
Since D is symmetric, it must factor through the exterior derivative; i.e.
D(u1, . . . , uk) = B(du1, . . . , duk)
for some polydifferential operator B :
(
Ω1M
)k
→ C∞(M) on one-forms. Since D
is formally self-adjoint, it must also be in the image of the divergence. Hence there
is a multilinear operator A :
(
Ω1M
)k
→ Ω1M such that
D(u1, . . . , uk) = δ (A(du1, . . . , duk)) .
Since the exterior derivative d is homogeneous of weight 0 and the divergence δ
is homogeneous of weight −2, it follows that A is homogenous of weight w + 2.
The naturality of D implies that A is natural. Since A maps
(
Ω1M
)k
to Ω1M ,
if A is nonzero, then A involves at least ⌊k/2⌋ contractions. Thus if A 6= 0, then
w + 2 ≤ −2⌊k/2⌋. Using the fact 2⌊k/2⌋ ≥ k − 1, we obtain two consequences:
(1) If w ≥ −k, then A = 0. This implies the second assertion.
(2) If k is odd and w = −k − 1, then A involves exactly ⌊k/2⌋ = (k − 1)/2
contractions, and hence A is a constant multiple of the symmetrization of
gi1i2 · · · gik−2ik−1 . This implies the third assertion. 
As noted in the introduction, any conformally covariant natural polydifferential
operator is homogeneous, and moreover, the degree of homogeneity is determined
by the bidegree. Conversely, the bidegree of any conformally covariant formally
self-adjoint polydifferential operator is determined by the degree of homogeneity.
Lemma 3.7. Let D ∈ F−2kℓ be conformally covariant of bidegree (a, b). Then
a =
n− 2k
ℓ+ 1
and b =
nℓ+ 2k
ℓ+ 1
,
where n = dimM .
Proof. Let c > 0 be a constant. Applying (1.2) yields
Dc
2g = caℓ−bDg.
Hence b = aℓ+ 2k. Integrating (1.2) against u0 dvole2Υg yields∫
M
u0D
e2Υg(u1, . . . , uℓ) dvole2Υg =
∫
M
e(n−b)Υu0D
g
(
eaΥu1, . . . , e
aΥuℓ
)
dvolg
for all u1, . . . , uℓ ∈ C
∞(M). Since D is formally self-adjoint, both sides are sym-
metric in all variables, and hence n− b = a. The conclusion readily follows. 
We conclude by observing that an element of F is conformally covariant if and
only if it is infinitesimally conformally covariant. This generalizes an observation
of Branson [2] for 1-differential operators.
Lemma 3.8. An operator D ∈ P is conformally covariant of bidegree (a, b) if and
only if for every metric g and every Υ ∈ C∞(M), it holds that
(3.4)
∂
∂t
∣∣∣∣
t=0
(
ebtΥ ◦De
2tΥg ◦ e−atΥ
)
= 0.
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Proof. If D is conformally covariant of bidegree (a, b), then (1.2) yields
ebtΥ ◦De
2tΥg ◦ e−atΥ = Dg
for all t ∈ R. In particular, (3.4) holds. Conversely, if (3.4) holds, then integrat-
ing (3.4) over t ∈ [0, 1] yields (1.2). 
4. Constructing conformally covariant operators from CVIs
We now turn to the construction of the conformally covariant polydifferential
operator D associated to a given CVI L whose existence is asserted in Theorem 1.6.
The main idea is that, by Lemma 3.8, the existence of such an operator implies
that the function f(t) := Le
2tΥg lies in the kernel of a differential operator of order
equal to the rank of D. The derivatives of f are natural Riemannian operators
associated to L, while the above differential operator effectively determines D in
terms of these derivatives. However, this approach provides neither a clear proof
of the formal self-adjointness of D nor a way to compute the rank. Both of these
defects are addressed through the following definition:
Definition 4.1. Let L be a CVI of weight −2k and fix ℓ ∈ N. Given j ∈ N0, define
Lℓj ∈ Pj recursively by L
ℓ
0 = L and
Lℓj+1(u) =
∂
∂t
∣∣∣∣
t=0
[
e2ktu
(
Lℓj
)e2tug]
+
n− 2k
ℓ
(
(ℓ − 1)uLℓj − u ∗ L
ℓ
j
)
for all j ≥ 0 and u ∈ C∞(Mn), where equality is understood as equality of elements
of Pj .
Equivalently, Definition 4.1 defines Lℓj recursively by L
ℓ
0 = L and
(4.1) Lℓj+1(u) =
∂
∂t
∣∣∣∣
t=0
[
e
n(ℓ−1)+2k
ℓ
tu ◦
(
Lℓj
)e2tug
◦ e−
n−2k
ℓ
tu
]
.
Thus we are associating a family of natural Riemannian operators to L by taking
first-order derivatives, though these are taken by composing with multiplication
operators which depend on the dimension n, the weight −2k, and the expected
rank ℓ of the multilinear operator.
The following lemma verifies our claim that the operators Lℓj are natural. Addi-
tionally, it uses the homogeneity of L to relate Lℓj to the image of L
ℓ
j+1 under the
interior operation Ij+1.
Lemma 4.2. Let L be a CVI of weight −2k and fix ℓ ∈ N. For any j ∈ N0, it
holds that Lℓj is a homogeneous natural Riemannian operator of weight −2k and
(4.2) Lℓj+1(1) =
(n− 2k)(ℓ− j − 1)
ℓ
Lℓj.
Proof. Let ℓ ∈ N. Since L is a CVI of weight −2k, we see that Lℓ0 is a homogeneous
natural Riemannian operator of weight −2k. Suppose that Lℓj is a homogeneous
natural Riemannian operator of weight −2k for some j ∈ N0. Since the conformal
variations of the Levi-Civita connection and the Riemann curvature tensor are nat-
ural Riemannian operators, we conclude from Definition 4.1 that Lℓj+1 is a natural
Riemannian operator of weight −2k. We conclude by induction that Lℓj is a natural
Riemannian operator of weight −2k for all j ∈ N0.
Taking u = 1 in Definition 4.1 yields (4.2). 
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Crucially, the operators Lℓj in Definition 4.1 are formally self-adjoint.
Proposition 4.3. Let L be a CVI of weight −2k and let ℓ ∈ N. For each nonneg-
ative integer j, it holds that Lℓj ∈ F
−2k
j .
Proof. Let ℓ ∈ N. By Lemma 4.2, we need only show that Lℓj is formally self-adjoint
for all j. We prove this by induction.
It trivially holds that Lℓ0 ∈ F
−2k
0 . Since L is a CVI,
Lℓ1(u) = S(u) +
(ℓ − 1)(n− 2k)
ℓ
Lu
for all u ∈ C∞(M), where S is the formally self-adjoint operator from Lemma 2.2.
In particular, Lℓ1 is formally self-adjoint.
Suppose now that j ∈ N is such that Lℓj−1 and L
ℓ
j are both formally self-adjoint.
We first show that Lℓj+1 is symmetric. Since L
ℓ
j is symmetric, it follows readily
from Definition 4.1 that Lℓj+1(u0) is symmetric as an element of Lj. Thus it
suffices to show that Lℓj+1(u0, u1) is symmetric in u0, u1. Let u0, u1 ∈ C
∞(M).
Define gs,t := e
2(su0+tu1)g and denote gs := gs,0. A direct computation using
Definition 4.1 yields
∂2
∂s∂t
∣∣∣∣
s,t=0
e2k(su0+tu1)
(
Lℓj−1
)gs,t
=
∂
∂s
∣∣∣∣
s=0
e2ksu0
[(
Lℓj
)gs
(u1)
−
n− 2k
ℓ
(
(ℓ − 1)u1
(
Lℓj−1
)gs
− u1 ∗
(
Lℓj−1
)gs)]
.
For general maps A,B :
(
C∞(M)
)2
→ Lj−1, we write A(u0, u1) ≡ B(u0, u1) if
A(u0, u1)−B(u0, u1) is symmetric in (u0, u1). Using Definition 4.1 again, we com-
pute that
∂
∂s
∣∣∣∣
s=0
e2ksu0
[
(ℓ − 1)u1
(
Lℓj−1
)gs
− u1 ∗
(
Lℓj−1
)gs]
≡ (ℓ − 1)u1
(
Lℓj
)g
(u0)− u1 ∗ (L
ℓ
j)
g(u0).
Combining the previous two displays yields
∂2
∂s∂t
∣∣∣∣
s,t=0
(
e2k(su0+tu1)
(
Lℓj−1
)gs,t)
≡
(
Lℓj+1
)g
(u0, u1).
Since the left-hand side is symmetric in u0, u1, we conclude that L
ℓ
j+1 is symmetric
in u0, u1.
We now show that Lℓj+1 is formally self-adjoint. Since L
ℓ
j+1 is symmetric, the
functional
(4.3) (u0, u1, . . . , uj+1) 7→
∫
M
u0
(
Lℓj+1
)g
(u1, . . . , uj+1) dvolg
is symmetric in (u1, . . . , uj+1). It thus suffices to show that (4.3) is symmetric in
(u0, u1). To that end, set gt = e
2tu2g. Since Lℓj is formally self-adjoint, we have
that
(4.4) 0 ≡
∫
M
u0
(
Lℓj
)gt
(u1) dvolgt
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for all t ∈ R, where we regard the right-hand side of (4.4) as a family of functionals
on (C∞(M))j−1 parameterized by t via the formula
(u3, . . . , uj+1) 7→
∫
M
u0
(
Lℓj
)gt
(u1, u3, u4, . . . , uj+1) dvolgt .
Differentiating (4.4) at t = 0 yields
0 ≡
∫
M
[
u0
(
Lℓj+1
)g
(u1, u2)
+
n− 2k
ℓ
(
u0u2
(
Lℓj
)g
(u1) + u0
(
u2 ∗
(
Lℓj
)g)
(u1)
)]
dvolg
By (3.2), we compute that∫
M
u0
(
u2 ∗
(
Lℓj
)g)
(u1) dvolg =
∫
M
[
u0
(
Lℓj
)g
(u1u2) + u0
(
u2 ∗
(
Lℓj
)g
(u1)
)]
dvolg
≡
∫
M
u0
(
Lℓj
)g
(u1u2) dvolg
≡
∫
M
u1u2
(
Lℓj
)g
(u0) dvolg,
where the second line follows from the self-adjointness of Lℓj. Combining the pre-
vious two displays yields
0 ≡
∫
M
u0
(
Lℓj+1
)g
(u1) dvolg,
as desired. 
We now characterize conformally covariant polydifferential operators associated
to a CVI in terms of the operators Lℓj . To avoid using analytic continuation in the
dimension, we separately present the cases of noncritical and critical dimensions.
First we consider noncritical dimensions.
Proposition 4.4. Let L be a CVI of weight −2k. Given ℓ ∈ N, there is a con-
formally covariant operator D ∈ F−2kℓ on manifolds of dimension n > 2k such
that
(4.5) D(1, . . . , 1) =
(
n− 2k
ℓ+ 1
)ℓ
L
if and only if Lℓ+1ℓ+1 = 0.
Proof. Suppose first that Lℓ+1ℓ+1 = 0. Set D =
1
ℓ!L
ℓ+1
ℓ . Lemma 3.8 and (4.1) imply
that D is conformally covariant, while Proposition 4.3 implies that D is formally
self-adjoint. Moreover, repeated applications of Lemma 4.2 implies that (4.5) holds.
Suppose now that D ∈ F−2kℓ is a conformally covariant operator such that (4.5)
holds. Combining Lemma 3.7 and Lemma 3.8 yields
(4.6)
∂
∂t
∣∣∣∣
t=0
e
nℓ+2k
ℓ+1 tΥ ◦De
2tΥg ◦ e−
n−2k
ℓ+1 tΥ = 0.
By combining this with (4.1), we see that it suffices to show that Lℓ+1ℓ = ℓ!D. To
that end, for any 1 ≤ j ≤ ℓ, denote by Dj the operator
Dj(u1, . . . , uj) := D(u1, . . . , uj , 1, . . . , 1).
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Using (4.6), we compute that
∂
∂t
∣∣∣∣
t=0
e2ktu0De
2tu0 g
j =
n− 2k
ℓ+ 1
[
(ℓ− j)Dj+1(u0) + u0 ∗Dj − ℓu0Dj
]
.
A simple induction argument starting from (4.5) thus yields
Dj =
(ℓ− j)!
ℓ!
(
n− 2k
ℓ+ 1
)ℓ−j
Lℓ+1j .
Taking j = ℓ yields the desired result. 
Next we consider the critical dimension.
Proposition 4.5. Let L be a CVI of weight −2k. Given ℓ ∈ N, there is a confor-
mally covariant operator D ∈ F−2kℓ on 2k-dimensional manifolds such that
(4.7)
∂ℓ
∂tℓ
∣∣∣∣
t=0
e2ktuLe
2tug = D(u, . . . , u)
if and only if Lℓ+1ℓ+1 = 0. Moreover, if (4.7) holds, then
(4.8) enΥ
(
Lℓ+1j
)e2Υg
(u1, . . . , uj) =
ℓ−j∑
s=0
1
s!
(
Lj+sj+s
)g
(u1, . . . , uj ,Υ, . . . ,Υ).
for all 0 ≤ j ≤ ℓ, all metrics g, and all smooth functions Υ, u1, . . . , uj.
Proof. Since n = 2k, we conclude from (4.1) that
(4.9)
∂
∂t
∣∣∣∣
t=0
entΥ ◦
(
Lsj
)e2tΥg
=
(
Lsj+1
)g
(Υ)
for any j, s ∈ N0. A simple induction argument using (4.9) implies that L
s
j = L
j
j
for all j, s ∈ N0. By iterating (4.9), we conclude that
(4.10)
∂s
∂ts
∣∣∣∣
t=0
entΥ ◦
(
Lℓ+1j
)e2tΥg
(u1, . . . , uj) =
(
Lj+sj+s
)g
(u1, . . . , uj,Υ, . . . ,Υ).
for all 0 ≤ j ≤ ℓ+ 1 and all 0 ≤ s ≤ ℓ+ 1− j.
Suppose first that Lℓ+1ℓ+1 = 0. Set D = L
ℓ+1
ℓ . Lemma 3.8 and (4.9) imply that
D is conformally covariant, while Proposition 4.3 implies that D is formally self-
adjoint. We conclude that (4.7) holds by applying (4.10) in the case j = 0 and
s = ℓ.
Suppose now that D ∈ F−2kℓ is a conformally covariant operator such that (4.7)
holds. Then using j = 0 and s = ℓ in (4.10) implies that D = Lℓ+1ℓ . On the other
hand, Lemma 3.7 and Lemma 3.8 imply that
(4.11)
∂
∂t
∣∣∣∣
t=0
entΥ ◦De
2tΥg = 0.
Applying (4.9) implies that Lℓ+1ℓ+1 = 0.
Finally, since Lℓ+1ℓ+1 = 0, we conclude from (4.10) that e
ntΥ
(
Lℓ+1j
)e2tΥg
(u1, . . . , uj)
is a polynomial in t of degree ℓ− j. Integrating (4.10) then yields (4.8). 
It follows from Proposition 4.4 and Proposition 4.5 that a conformally covariant
polydifferential operator can be associated to a given CVI L if it is known that
Lℓℓ = 0 for some ℓ ∈ N. The existence of such an ℓ is guaranteed by the following
lemma.
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Lemma 4.6. Let L be a CVI of weight −2k. Then L2k2k = 0.
Proof. Lemma 4.2 and Proposition 4.3 together imply that L2k2k ∈ F
−2k
2k ∩ ker I2k.
We conclude from Lemma 3.6 that L2k2k = 0. 
Lemma 4.6 guarantees that the rank, as defined below, is finite.
Definition 4.7. The rank of a CVI L of weight −2k is the integer
r := inf
{
ℓ ∈ N
∣∣ Lℓℓ = 0} .
Note that a CVI L of weight −2k has rank r ≤ 2k and that r = 1 if and only if
L is pointwise conformally invariant.
We now reformulate and prove Theorem 1.6.
Theorem 4.8. Let L be a CVI of weight −2k and rank r. Then there is an (r−1)-
differential operator associated to L, in the sense of Definition 1.5. Moreover, for
any integer 0 ≤ j < r − 1, there is no j-differential operator associated to L.
Proof. Observe that Proposition 4.4 and Proposition 4.5 together state that there
exists a formally self-adjoint, conformally covariant ℓ-linear operator associated to L
if and only if Lℓ+1ℓ+1 = 0. The conclusion follows immediately from Definition 4.7. 
We conclude this section by identifying a new conformal primitive for any CVI
in the case of critical dimension.
Proof of Corollary 1.7. It follows from (4.8) that
S(e2ug) =
2k−1∑
j=0
1
j!
∫ 1
0
∫
M
u˙tL
j
j(ut, . . . , ut) dvol dt
=
2k−1∑
j=0
1
(j + 1)!
∫ 1
0
∫
M
∂
∂t
(
utL
j
j(ut, . . . , ut)
)
dvol dt
=
2k−1∑
j=0
1
(j + 1)!
∫
M
uLjj(u, . . . , u) dvol,
where the second equality uses the symmetry of Ljj and the third equality uses
(u0, u1) = (0, u). 
5. A brief discussion of known examples
In this section we discuss three special families of CVIs which are of particular in-
terest in the literature: pointwise conformal invariants, Branson’s Q-curvatures [2],
and the renormalized volume coefficients [19].
5.1. Conformal invariants. Let L be a CVI of weight −2k. By definition, L has
rank 1 if and only if it is conformally invariant. The Dirichlet form (1.7) associated
to L recovers the well-known conformally invariant map
E [2k − n] ∋ u 7→
∫
Mn
Lu dvol .
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5.2. Branson’s Q-curvature. For each k ∈ N, the GJMS construction [21] pro-
duces a conformally covariant operator L2k of weight −2k on any Riemannian man-
ifold of dimension n ≥ 2k. Moreover, these operators are formally self-adjoint [17,
22, 26]. It follows from Theorem 4.8 that the CVI Q2k :=
2
n−2kL2k(1), defined
in dimension n ≥ 2k by analytic continuation in the dimension [2] (see also [15]),
associated to L2k is a CVI of weight −2k and rank 2. Moreover, the Dirichlet
form (1.7) associated to Q2k is the energy of L2k.
5.3. Renormalized volume coefficients. Recall that given any Riemannian man-
ifold (Mn, g), there is a Poincare´ metric
g+ = r
−2
(
dx2 + gr
)
on X := M × [0, ε), where gr is a one-parameter family of Riemannian met-
rics on M ≈ M × {0} such that g0 = g and Ric(g+) + ng+ = O(r
n−2) and
trg ι
∗ (Ric(g+) + ng+) = O(r
n) for ι : M → X the inclusion map. In fact, the
metric g+ depends only on the conformal class of g and is uniquely determined up
to order rn modulo diffeomorphism; see [16] for details. Moreover, the expansion
(5.1) gr = g(0) + r
2g(2) + r
4g(4) + · · ·
of gr near r = 0 is even up to order n, the terms g(2k), 0 ≤ k < n/2, are locally
determined by g, and trg ∂
n
r gr = 0. This is related to (2.1) via the change of
variables ρ = −r2/2.
It follows from (5.1) and our discussion of its asymptotics that(
det gr
det g
)1/2
=
⌊n/2⌋∑
k=0
(−2)−kvkr
2k + o(rn),
where each of the terms vk, 0 ≤ k ≤ n/2, is locally determined by g. These
are the renormalized volume coefficients [19]. It is known [8, 20] that the k-th
renormalized volume coefficient vk is a CVI of weight −2k and that if k ≤ 2 or g is
locally conformally flat, then vk and σk agree. Note that
v3 =
1
6
J3 −
1
2
J |P |2 +
1
3
trP 3 +
1
3(n− 4)
〈B,P 〉.
Fix k ∈ N and let (Mn, g), n > 2k, be a Riemannian manifold. Case and
Wang [6] showed that if k ≤ 2 or g is locally conformally flat, then there is a formally
self-adjoint conformally covariant polydifferential operator L2k :
(
C∞(M)
)2k−1
→
C∞(M) such that
(5.2) L2k(u, . . . , u) =
(
n− 2k
2k
u
)2k−1
u
4k2
n−2k σguk
for any positive u ∈ C∞(M), where gu := u
4k
n−2k g. Indeed, one simply defines L(u)
by the right-hand side of (5.2) and checks that the result is homogeneous of degree
2k − 1 in u. In the remainder of this section, we deduce a formula for L2k on flat
manifolds which is manifestly formally self-adjoint. In Section 6 we show, among
other things, that this gives rise to the operator associated to vk when k ≤ 3.
Before giving the expression for L2k, we first identify a useful basis of formally
self-adjoint polydifferential operators. These operators are specified in terms of the
j-Hessian σj(∇
2u2), j ≤ k − 1, rather than the σj -curvatures of gu, because of the
the nice divergence structure of the j-Hessian in flat manifolds [31].
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In order to more succinctly write this computation, set
σj(u1, . . . , u2j) :=
1
j!
δ
ℓ1···ℓj
i1···ij
(u1u2)
i1
ℓ1
· · · (u2j−1u2j)
ij
ℓj
,
(Tj(u1, . . . , u2j))
ℓ
i :=
1
j!
δ
ℓℓ1···ℓj
ii1···ij
(u1u2)
i1
ℓ1
· · · (u2j−1u2j)
ij
ℓj
,
Nj(u1, . . . , u2j) := 〈∇u1,∇u2〉 · · · 〈∇u2j−1,∇u2j〉,
(5.3)
where
δ
ℓ1···ℓj
i1···ij
=

1, if ℓ1, · · · , ℓj are distinct and an even permutation of i1, · · · , ij ,
−1, if ℓ1, · · · , ℓj are distinct and an odd permutation of i1, · · · , ij ,
0, otherwise
is the generalized Kronecker delta. Note that, up to a multiplicative constant,
σj(u1, . . . , u2j) is a partial polarization of the j-Hessian of u
2, that Tj(u1, . . . , u2j)
is a partial polarization of the j-th Newton tensor of the Hessian of u2, and that
Nj is a partial polarization of |∇u|
2j .
Lemma 5.1. Let j, k ∈ N0 with j ≤ k − 1 and let (M
n, g) be a flat manifold.
Define Dkj :
(
C∞(M)
)2k−1
→ C∞(M) by
Dkj (u1, . . . , u2k−1) =
1
(2k − 1)!
×
∑
σ∈S2k−1
{
uσ(1)
k − j
δ
(
Tj−1(uσ(2), . . . , uσ(2j−1))(∇Nk−j(uσ(2j), . . . , uσ(2k−1)))
)
− δ
(
Nk−j−1(uσ(1), . . . , uσ(2k−2j−2))σj(uσ(2k−2j−1), . . . , uσ(2k−2)) duσ(2k−1)
)}
for all u1, . . . , u2k−1 ∈ C
∞(M), where S2k−1 is the symmetric group on 2k − 1
variables. Then Dkj is formally self-adjoint.
Proof. Let S2k−1 be the symmetric group on {1, . . . , 2k − 1} and let S2k be the
symmetric group on {0, . . . , 2k − 1}. Thus
S2k =
2k−1⊔
j=0
(0 j)S2k−1,
where (0 j) ∈ S2k is the transposition switching 0 and j. On the one hand, we
deduce from the symmetries of (5.3) that∑
σ∈S2k
σj(uσ(0), . . . , uσ(2j−1))Nk−j(uσ(2j), . . . , uσ(2k−1))
= 2j
∑
σ∈S2k−1
σj(u0, uσ(1), . . . , uσ(2j−1))Nk−j(uσ(2j), . . . , uσ(2k−1))
+ 2(k − j)
∑
σ∈S2k−1
Nj(u0, uσ(1), . . . , uσ(2k−2j−1))σj(uσ(2k−2j), . . . , uσ(2k−1)).
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On the other hand, a straightforward integration-by-parts yields
−
∫
M
u0δ (Nk−j−1(u1, . . . , u2k−2j−2)σj(u2k−2j−1, . . . , u2k−2) du2k−1)
=
∫
M
Nk−j(u0, u2k−1, u1, u2, . . . , u2k−2j−2)σj(u2k−2j−1, . . . , u2k−2).
and ∑
σ∈S2k−1
∫
M
u0uσ(1)δ
(
Tj−1(uσ(2), . . . , uσ(2j−1))(∇Nk−j(uσ(2j), . . . , uσ(2k−1)))
)
= j
∑
σ∈S2k−1
∫
M
σj(u0, uσ(1), . . . , uσ(2j−1))Nk−j(uσ(2j), . . . , uσ(2k−1)),
where the last identity uses the fact that the Newton tensors of the j-Hessian are
all divergence-free on flat manifolds [31]. Combining the above three displays yields
(5.4)
∫
M
u0D
k
j (u1, . . . , u2k−1)
=
k
(k − j)(2k)!
∑
σ∈S2k
∫
M
σj(uσ(0), . . . , uσ(2j−1))Nk−j(uσ(2j), . . . , uσ(2k−1)).
In particular, Dkj is formally self-adjoint. 
For the remainder of this section it suffices to consider Dkj on the diagonal; i.e.
we need only the operators
Dkj (u) = uδ
(
|∇u|2k−2j−2Tj−1(∇
2u2)(∇|∇u|2)
)
− δ
(
|∇u|2k−2j−2σj(∇
2u2) du
)
for 0 ≤ j ≤ k − 1. We begin by rewriting Dkj in such a way that it is clearly a
second-order polydifferential operator.
Lemma 5.2. Let (Mn, g) be a flat manifold and let k ∈ N0. Then
Dk0 (u) = −δ
(
|∇u|2k−2 du
)
is the 2k-Laplacian. Additionally, for any 1 ≤ j ≤ k − 1 it holds that
Dkj (u) = −
2k − j − 1
2
u−1|∇u|2k−2j−2σj+1 − (2k − j + 1)u
−1|∇u|2k−2jσj
+ (k − j − 1)u−1|∇u|2k−2j−4Tj+1(∇u,∇u)
+ 4(k − j)u−1|∇u|2k−2j−2Tj(∇u,∇u)
+ 4(k + 1− j)u−1|∇u|2k−2jTj−1(∇u,∇u),
where σj := σj(∇
2u2) and Tj := Tj(∇
2u2).
Proof. Since Tj−1 ◦∇
2u2 = σjg − Tj and ∇
2u = 12u
−1∇2u2 − u−1du⊗ du, it holds
that
uTj−1(∇|∇u|
2) = σj du− Tj(∇u)− 2|∇u|
2Tj−1(∇u).
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Therefore Akj (u) := uδ
(
|∇u|2k−2j−2Tj−1(∇|∇u|
2)
)
is such that
Akj (u) = uδ
(
u−1|∇u|2k−2j−2
(
σj du− Tj(∇u)− 2|∇u|
2Tj−1(∇u)
))
= δ
(
|∇u|2k−2j−2σj du
)
− u−1|∇u|2k−2jσj
− δ
(
|∇u|2k−2j−2
(
Tj(∇u) + 2|∇u|
2Tj−1(∇u)
))
+ u−1|∇u|2k−2j−2Tj(∇u,∇u) + 2u
−1|∇u|2k−2jTj−1(∇u,∇u).
Using again the fact that ∇2u = 12u
−1∇2u2 − u−1du⊗ du, we conclude that
δ
(
|∇u|2k−2j−2Tj(∇u)
)
= (k − j − 1)|∇u|2k−2j−4Tj(∇u,∇|∇u|
2) + |∇u|2k−2j−2〈Tj ,∇
2u〉
=
2k − j − 1
2
u−1|∇u|2k−2j−2σj+1 − (k − j − 1)u
−1|∇u|2k−2j−4Tj+1(∇u,∇u)
− (2k − 2j − 1)u−1|∇u|2k−2j−2Tj(∇u,∇u).
Combining the previous two displays with the definition of Dkj yields the desired
result. 
The following properties of the polarizations of σj and Tj will help us to express
the operator (5.2) in terms of linear combinations of the operators Dkj . Here we
denote by
σk,j(A,B) :=
1
k!
δℓ1···ℓki1···ik A
i1
ℓ1
· · ·A
ij
ℓj
B
ij+1
ℓj+1
· · ·Bikℓk
the evaluation of the polarization of σk at j copies of A and k − j copies of B.
Lemma 5.3. Let V be an n-dimensional inner product space. Given any symmetric
A,B ∈ End(V ) and any scalar f , it holds that
(5.5) σk(A+ fB) =
k∑
j=0
(
k
j
)
fk−jσk,j(A,B).
If B = I is the identity element, then
(5.6) σk(A+ fI) =
k∑
j=0
(
n− k + j
j
)
f jσk−j(A)
If instead B has rank at most one, then
(5.7) σk(A+ fB) = σk(A) + 〈Tk−1(A), fB〉.
Proof. Equation (5.5) is an immediate consequence of the multilinearity of the
polarization
(5.8) σk(A1, . . . , Ak) :=
1
k!
δℓ1···ℓki1···ik (A1)
i1
ℓ1
· · · (Ak)
ik
ℓk
of σk.
From the observation that
δℓ1···ℓki1···ik δ
ik
ℓk
= (n+ 1− k)δ
ℓ1···ℓk−1
i1···ik−1
,
we conclude that σk,j(A, I) =
(n−j)!j!
(n−k)!k!σj(A). Inserting this into (5.5) yields (5.6).
If B has rank at most one, then it is clear from (5.8) that σk,j(A,B) = 0 for
all 0 ≤ j ≤ k − 2. Combining (5.5) and the identity 〈Tk−1(A), B〉 = kσk,k−1(A)
yields (5.7). 
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We now express L2k in terms of the operators D
k
j , 0 ≤ j ≤ k − 1.
Theorem 5.4. Let (Mn, g) be a flat manifold. Fix n, k ∈ N and let bj be the
solution of the recursive relation b0 = 0 and
(5.9)
k + j
2
bj+1 +
(n− 2k)(k + j + 1)
2k
bj =
(
n− k + j
j
)
.
Then
(5.10) L2k = −(−2)
−k
k−1∑
j=0
(
n− 2k
2k
)j
bk−jD
k
j .
Proof. First observe that (5.6) implies that
L2k(u) = (−2)
−ku−1
k∑
j=0
(
n− k + j
j
)(
n− 2k
2k
)k−1−j
× |∇u|2jσk−j
(
∇2u2 −
4(n− k)
n− 2k
du ⊗ du
)
.
Applying (5.7), we deduce that
L2k(u) = (−2)
−ku−1
[
k∑
j=0
(
n− k + j
j
)(
n− 2k
2k
)k−1−j
|∇u|2jσk−j
−
k−1∑
j=0
2(n− k)
k
(
n− k + j
j
)(
n− 2k
2k
)k−2−j
|∇u|2jTk−1−j(∇u,∇u)
]
,
where we again write σj := σj(∇
2u2) and Tj := Tj(∇
2u2). Using the fact that
T0 = Id, we conclude that
L2k(u) = (−2)
−ku−1
[
k−1∑
j=0
(
n− k + j
j
)(
n− 2k
2k
)k−1−j
|∇u|2jσk−j
−
k−2∑
j=0
2(n− k)
k
(
n− k + j
j
)(
n− 2k
2k
)k−2−j
|∇u|2jTk−1−j(∇u,∇u)
− 2
(
n− 1
k − 1
)
|∇u|2k
]
.
(5.11)
Now denote
A := −(−2)−k
k−1∑
j=0
(
n− 2k
2k
)j
bk−jD
k
j .
Using Lemma 5.2 we compute that
A(u) = (−2)−ku−1
[
k−1∑
j=0
(
n− 2k
2k
)k−1−j
c
(1)
j,k|∇u|
2jσk−j
−
k−2∑
j=0
(
n− 2k
2k
)k−2−j
c
(2)
j,k|∇u|
2jTk−1−j(∇u,∇u)− c
(3)
k |∇u|
2k
]
,
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where
c
(1)
j,k =
j + k
2
bj+1 + (j + k + 1)
(
n− 2k
2k
)
bj ,
c
(2)
j,k = (j + 1)
(
bj+2 + 4
(
n− 2k
2k
)
bj+1 + 4
(
n− 2k
2k
)2
bj
)
,
c
(3)
k = (2k − 1)bk + 4k
(
n− 2k
2k
)
bk−1.
It follows readily from (5.9) that L2k = A. 
We conclude this section by proving that the renormalized volume coefficients
have maximal rank.
Proposition 5.5. For any k ∈ N, the rank of the renormalized volume coefficient
vk is 2k.
Proof. Consider the 2k-dimensional sphere (S2k, g0) of constant sectional curvature
one. As a conformally flat manifold, it holds that vk = σk. Let x be a first spherical
harmonic, where x is a Cartesian coordinate on R2k+1 ⊃ S2k. Then ∇2x = −xg0
and |∇x|2 = 1− x2. Set gt = e
2txg0. We compute that
e2ktxσgtk = 2
−kσk
(
(1 + 2tx− t2 + t2x2)g0 + 2t
2 dx⊗ dx
)
= 21−k
(
2k − 1
k − 1
)
(1 + 2tx)(1 + 2tx− t2 + t2x2)k−1,
where the second equality uses Lemma 5.3. It follows that
∂j
∂tj
∣∣∣∣
t=0
e2ktxσgtk = 0
if and only if j ≥ 2k. Combining this with the case j = 0 of (4.10) implies that the
operators Ljj associated to L = vk are nonvanishing on (S
2k, g0) for all j ≤ 2k − 1.
It follows from Lemma 4.6 that vk has rank 2k, as claimed. 
6. The operators associated to v2 and v3
The operators defined in Theorem 5.4 are all formally self-adjoint conformally
covariant polydifferential operators associated to the renormalized volume coeffi-
cients vk on a flat manifold. From the explicit formula of the ambient metric for a
flat manifold [16], one deduces that the same expressions (5.10) define tangential
operators in the ambient space of a flat manifold. One thus expects that the oper-
ators (5.10), regarded as second-order operators in the ambient space, are always
tangential. However, these operators are only associated to the renormalized vol-
ume coefficients vk of generic manifolds when k ≤ 3. The purpose of this section is
to make these comments precise.
Observe first that the operator L2 in Theorem 5.4 is
L2(u) = −∆u.
As an ambient expression, this operator is well-known [21] to be tangential on
E˜
[
−n−22
]
for the ambient space of any n-dimensional Riemannian manifold. Indeed,
it induces the conformal Laplacian, which is associated to J = σ1.
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Before proceeding to the cases of higher k, we must first make precise the rela-
tionship between conformally covariant operators on a Riemannian manifold and
tangential operators in its ambient space.
Definition 6.1. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. A polydifferential operator L˜ :
(
E˜ [w]
)k
→ E˜ [w′] is tangential if the map(
E˜ [w]
)k
∋ (u1, . . . , uk) 7→ L˜(u1, . . . , uk)|G ∈ E [w
′]
depends only on (u1|G , . . . , uk|G) ∈
(
E [w]
)k
.
First we observe that tangential operators on the ambient space give rise to
conformally covariant operators on the underlying Riemannian manifolds.
Lemma 6.2. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. If L˜ :
(
E˜ [w]
)k
→ E˜ [w′] is a tangential polydifferential operator, then it induces
a conformally covariant polydifferential operator L of bidegree (−w,−w′).
Proof. Let u˜1, . . . , u˜k ∈ E˜ [w]. Since L˜ is tangential, L˜(u˜1, . . . , u˜k) depends only on
u˜1|G , . . . , u˜k|G ∈ E [w]. Therefore
L(u1, . . . , uk) := L˜(u˜1, . . . , u˜k)|G ∈ E [w
′]
is well-defined on
(
E [w]
)k
, where u˜1, . . . , u˜k ∈ E˜ [w] are such that u˜j |G = uj for all
integers 1 ≤ j ≤ k. That L is conformally covariant of bidegree (−w,−w′) now
follows from (2.13). 
Next we observe that one can use the defining function Q of G to identify whether
an ambient operator is tangential.
Lemma 6.3. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. A polydifferential operator L˜ :
(
E˜ [w]
)k
→ E˜ [w′] is tangential if and only if
(6.1) L˜(u1, . . . , uj−1, Qz, uj+1, . . . , uk) ≡ 0 mod Q
for all u1, . . . , uk ∈ E˜ [w], all z ∈ E˜ [w − 2], and all integers 1 ≤ j ≤ k.
Proof. It is clear that if L˜ is tangential, then (6.1) holds. Conversely, suppose
that (6.1) holds. Let u
(1)
j , u
(2)
j ∈ E˜ [w], 1 ≤ j ≤ k, be such that u
(1)
j |G = u
(2)
j |G for
all integers 1 ≤ j ≤ k. Since Q is a defining function for G, there are z1, . . . , zk ∈
E˜ [w − 2] such that u
(1)
j − u
(2)
j = Qzj for all integers 1 ≤ j ≤ k. Since L˜ is
polydifferential, we conclude from (6.1) that
L˜
(
u
(1)
1 , . . . , u
(1)
k
)
|G = L˜
(
u
(2)
1 , . . . , u
(2)
k
)
|G . 
We can now study the operator L4 in Theorem 5.4 as an ambient polydifferential
operator. Our computations are simplified by first computing with respect to a non-
symmetric polydifferential operator and then considering its symmetrization. Here,
given spaces V,W and a function F : V k →W , k ∈ N, we define the symmetrization
SymF : V k →W of F by
(6.2) SymF (v1, . . . , vk) :=
1
k!
∑
σ∈Sk
F (vσ(1), . . . , vσ(k))
for all v1, . . . , vk ∈ V , where Sk is the symmetric group on k elements.
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Theorem 6.4. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its ambient
space. Define L˜4 :
(
E˜
[
−n−44
])3
→ E˜
[
− 3n+44
]
as the polarization of
L˜4(u) =
1
2
δ˜
(
|∇˜u|2 d˜u
)
−
n− 4
16
[
u∆˜|∇˜u|2 − δ˜
(
(∆˜u2) d˜u
)]
.
Then L˜4 is tangential. Moreover, the operator L4 associated to L˜4 is such that
(6.3) L4(1, 1, 1) =
(
n− 4
4
)3
σg2 .
In particular, L4 is associated to the σ2-curvature.
Proof. Define L˜ :
(
E˜
[
−n−44
])3
→ E˜
[
− 3n+44
]
by
L˜(u, v, w) =
1
2
δ˜
(
〈∇˜u, ∇˜v〉 d˜w
)
−
n− 4
16
[
w∆˜〈∇˜u, ∇˜v〉 − δ˜
(
∆˜(uv) d˜w
)]
.
Let u, v ∈ E˜
[
−n−44
]
and z ∈ E˜
[
−n+44
]
. Since 〈∇˜u, ∇˜v〉, ∆˜(uv) ∈ E˜
[
−n2
]
, we deduce
that
L˜(u, v,Qz) ≡ 0 mod Q.
In particular, L˜ is tangential in its last component. Using (2.15) and our weight
assumptions, we also compute that
L˜(Qz, u, v) ≡ 0 mod Q.
In particular, L˜ is tangential in its first component. Since L˜ is symmetric in its first
two components, we conclude that L˜ it tangential. Hence L˜4 = Sym L˜ is tangential.
We now verify (6.3). Since L˜4 is tangential on
(
E˜
[
−n−44
])3
, it holds that
L4(1, 1, 1) = L˜4
(
t−
n−4
4 , t−
n−4
4 , t−
n−4
4
)∣∣∣
t=1,ρ=0
.
Combining this with (2.4) and (2.5) yields
L4(1, 1, 1) =
n− 4
16
δ˜
(
(∆˜t−
n−4
2 ) d˜t−
n−4
4
)∣∣∣∣
t=1,ρ=0
=
(
n− 4
4
)3
σ2. 
We similarly study the operator L6 in Theorem 5.4 as an ambient polydifferential
operator.
Theorem 6.5. Let (Mn, g), n 6= 4, be a Riemannian manifold and let (G˜, g˜) be its
ambient space. Define L˜6 :
(
E˜
[
−n−66
])5
→ E˜
[
− 5n+66
]
as the polarization of
L˜6(u) = −
n2 − 3n+ 18
72
δ˜
(
|∇˜u|4 d˜u
)
+
(
n− 6
6
)
n+ 3
36
[
1
2
u∆˜|∇˜u|4 − δ˜
(
|∇˜u|2(∆˜u2) d˜u
)]
+
1
12
(
n− 6
6
)2 [
uδ˜
(
T1(∇˜
2u2)(∇˜|∇˜u|2)
)
− δ˜
(
σ2(∇˜
2u2) d˜u
)]
.
Then L˜6 is tangential. Moreover, the operator L6 associated to L˜6 is such that
(6.4) L6(1, 1, 1, 1, 1) =
(
n− 6
6
)5
v3.
In particular, L6 is associated to the renormalized volume coefficient v3.
CONFORMALLY COVARIANT POLYDIFFERENTIAL OPERATORS 27
Proof. Note that the polarization L˜6 of L˜6(u) is tangential if and only if
(6.5) L˜6(Qz, u, u, u, u) ≡ 0 mod Q
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. Indeed, if L˜6 is tangential, then (6.5)
trivially holds. Conversely, if (6.5) holds, then
0 ≡ L˜6
(
Qz,
4∑
i=1
siui,
4∑
i=1
siui,
4∑
i=1
siui,
4∑
i=1
siui
)
mod Q
for all u1, . . . , u4 ∈ E˜
[
−n−66
]
, all z ∈ E˜
[
−n+66
]
, and all s1, . . . , s4 ∈ R. Computing
the mixed partial derivative ∂s1 · · ·∂s4 at s1 = · · · = s4 = 0 and using the symmetry
of L˜6 yields
L˜6(Qz, u1, u2, u3, u4) ≡ 0 mod Q
for all u1, . . . , u4 ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. It follows that L˜6 is tangential.
Define L˜j6 :
(
E˜
[
−n−66
])5
→ E˜
[
− 5n+66
]
, j = 1, 2, 3, by
L˜16(u1, u2, v1, v2, w) := δ˜
(
〈∇˜u1, ∇˜u2〉〈∇˜v1, ∇˜v2〉 d˜w
)
,
L˜26(u1, u2, v1, v2, w) :=
1
2
w∆˜
(
〈∇˜u1, ∇˜u2〉〈∇˜v1, ∇˜v2〉
)
− δ˜
(
〈∇˜u1, ∇˜u2〉∆˜(v1v2) d˜w
)
,
L˜36(u1, u2, v1, v2, w) := wδ˜
(
T1(∇˜
2(v1v2)(∇˜〈∇˜u1, ∇˜u2〉)
)
− δ˜
(
σ2
(
∇˜2(u1u2), ∇˜
2(v1v2)
)
d˜w
)
.
Note the symmetries
L˜j6(u1, u2, v1, v2, w) = L˜
j
6(u2, u1, v1, v2, w) = L˜
j
6(u1, u2, v2, v1, w)
for all u1, u2, v1, v2, w ∈ E˜
[
−n−66
]
and all j = 1, 2, 3. Note also that if z ∈ E˜
[
−n+66
]
,
then Qz ∈ E˜
[
−n−66
]
. We now perform some computations.
First, if u ∈ E˜
[
−n−66
]
, then each of |∇˜u|4, |∇˜u|2∆˜u2 and σ2(∇˜
2u2) is in E˜
[
− 2n3
]
.
It readily follows that
(6.6) L˜j6(u, u, u, u,Qz) ≡ 0 mod Q
for all j = 1, 2, 3, all u ∈ E˜
[
−n−66
]
, and all z ∈ E˜
[
−n+66
]
.
Second, our weight assumptions imply that
(6.7) L˜16(Qz, u, u, u, u) + L˜
1
6(u, u,Qz, u, u)
≡ −
2(n− 6)
3
[
zδ˜
(
u|∇˜u|2 d˜u
)
+ 2u|∇˜u|2〈∇˜z, ∇˜u〉
]
mod Q
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
.
Third, Equation (2.15) implies that
(6.8) ∆˜
(
|∇˜u|2〈∇˜(Qz), ∇˜u〉
)
≡ −
n− 6
3
∆˜
(
uz|∇˜u|2
)
−
2(n+ 6)
3
|∇˜u|2〈∇˜z, ∇˜u〉 mod Q
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for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. Using (2.15) and (6.8), we deduce that
L˜26(Qz, u, u, u, u) ≡ −
n+ 6
3
u|∇˜u|2〈∇˜z, ∇˜u〉 −
n− 6
6
u∆˜(zu|∇˜u|2)
+
n− 6
3
δ˜
(
zu(∆˜u2) d˜u
)
+
n− 6
3
u〈∇˜z, ∇˜u〉∆˜u2 mod Q,
L˜26(u, u,Qz, u, u) ≡ −
n+ 6
3
u|∇˜u|2〈∇˜z, ∇˜u〉 −
2(n+ 6)
3
δ˜
(
zu|∇˜u|2 d˜u
)
−
n− 6
6
u∆˜(zu|∇˜u|2) +
n− 6
3
u|∇˜u|2∆˜(zu) mod Q
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. In particular,
L˜26(Qz, u, u, u, u) + L˜
2
6(u, u,Qz, u, u)
≡ −
2(n+ 6)
3
(
zδ˜
(
u|∇˜u|2 d˜u
)
+ 2u|∇˜u|2〈∇˜z, ∇˜u〉
)
−
n− 6
3
(
u2z∆˜|∇˜u|2 − zδ˜
(
u(∆˜u2) d˜u
))
−
2(n− 6)
3
u〈∇˜(uz), ∇˜|∇˜u|2〉+
2(n− 6)
3
u〈∇˜z, ∇˜u〉 ∆˜u2 mod Q
(6.9)
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
.
Fourth, if f ∈ E˜
[
−n3
]
, then
(6.10) T1
(
∇˜2(Qf)
)
= QT1(∇˜
2f)− 2X ⊗ ∇˜f − 2(∇˜f)⊗X +
2(n+ 3)
3
f g˜.
Since 2σ2(∇˜
2f1, ∇˜
2f2) = 〈T1(∇˜
2f1), ∇˜
2f2〉, we deduce that
(6.11)
σ2(∇˜
2(Qf1), ∇˜
2f2) = Qσ2(∇˜
2f1, ∇˜
2f2) +
2(n− 3)
3
〈∇˜f1, ∇˜f2〉+
n+ 3
3
f1∆˜f2
for all f1 ∈ E˜
[
−n3
]
and all f2 ∈ E˜
[
−n−63
]
. Using (6.11), we deduce that
(6.12) δ
(
σ2(∇˜
2(Quz), ∇˜2u2) d˜u
)
≡ −
n− 6
3
uσ2(∇˜
2(uz), ∇˜2u2)
+
n+ 3
3
δ˜
(
uz(∆˜u2) d˜u
)
+
2(n− 3)
3
δ˜
(
〈∇˜(uz), ∇˜u2〉 d˜u
)
mod Q
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. Using (6.10) and the fact that the
divergence of T1(∇˜
2f) is zero along G in (G˜, g˜) for any f ∈ C∞(G˜), we deduce that
(6.13) uδ˜
(
T1(∇˜
2(Quz))(∇˜|∇˜u|2)
)
≡
4(n+ 3)
3
u〈∇˜(uz), ∇˜|∇˜u|2〉
+
2(n+ 3)
3
u2z∆˜|∇˜u|2 mod Q
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. Using these two facts again yields
(6.14) uδ˜
(
T1(∇˜
2u2)(∇˜〈∇˜(Qz), ∇˜u〉)
)
≡ −
2(n− 6)
3
uσ2(∇˜
2u2, ∇˜2(uz))
+
2(n− 9)
3
u〈∇˜z, ∇˜u〉 ∆˜u2 +
4(n− 3)
3
u〈∇˜〈∇˜z, ∇˜u〉, ∇˜u2〉 mod Q
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for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
. Combining (6.12), (6.13) and (6.14)
yields
L˜36(Qz, u, u, u, u) + L˜
3
6(u, u,Qz, u, u)
≡ −
8(n− 3)
3
(
zδ˜
(
u|∇˜u|2 d˜u
)
+ 2u|∇˜u|2〈∇˜u, ∇˜z〉
)
+
2(n+ 3)
3
(
u2z∆˜|∇˜u|2 − zδ˜
(
u(∆˜u2) d˜u
))
+
4(n+ 3)
3
u〈∇˜(uz), ∇˜|∇˜u|2〉 −
4(n+ 3)
3
u〈∇˜u, ∇˜z〉 ∆˜u2 mod Q
(6.15)
for all u ∈ E˜
[
−n−66
]
and all z ∈ E˜
[
−n+66
]
.
Finally, combining (6.7), (6.9) and (6.15) implies that (6.5) holds. Therefore the
polarization L˜6 of L˜6(u) is tangential.
We now verify (6.4). Since L˜6 is tangential on
(
E˜
[
−n−66
])5
, it holds that
L6(1, 1, 1, 1, 1) = L˜6
(
t−
n−6
6 , t−
n−6
6 , t−
n−6
6 , t−
n−6
6 , t−
n−6
6
)∣∣∣
t=0,ρ=1
.
Combining this with (2.4), (2.5) and (2.7) yields
L6(1, 1, 1, 1, 1) =
1
3
(
n− 6
6
)5
(∂ρ + J)|ρ=0 σ2(U)
for U as in (2.10). The conclusion follows from the identity
σ2(U) = σ2(P )− ρ
(
J |P |2 − Y
)
+ o(ρ). 
The verifications of (6.3) and (6.4) show that, even if the operator L˜2k, k ≥ 4,
defined by (5.10) is tangential, it does not induce an operator associated to the
renormalized volume coefficient vk. To see this, note that if L˜2k is tangential,
then (2.4), (2.5), (2.7) imply that the operator L2k induced by L˜2k satisfies
L2k(1, . . . , 1) =
1
k
(
n− 2k
2k
)2k−1 [
Jσk−1(P )−
〈
Tk−2(P ), P
2 +
1
n− 4
B
〉]
.
This expression does not involve the higher-order extended obstruction tensors, and
hence cannot agree with a multiple of the renormalized volume coefficient vk [20].
7. Two sixth-order operators of rank four
As pointed out in our previous work [5], the space of CVIs of weight −6 is ten-
dimensional. The subspace of such CVIs which are trivial on locally conformally
flat manifolds is six-dimensional. A basis for a four-dimensional complementary
subspace was identified in our previous work [5]. One element of our basis is Bran-
son’s sixth-order Q-curvature [2]. Up to a multiplicative constant, this is the only
possible basis element of rank 2 which is nontrivial on locally conformally flat man-
ifolds. Another element of our basis is the third renormalized volume coefficient,
which has rank 6. By Lemma 3.6, we thus expect we can modify our previous
basis so that the remaining two basis elements have rank four. This is claimed by
Theorem 1.8 and proven in this section.
We prove Theorem 1.8 by first constructing sixth-order conformally covariant
tridifferential operators using the ambient metric, and then identifying their con-
stant terms as CVIs by comparing them to our previous basis [5]. As in Section 6,
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our formulae are greatly simplified by working with non-symmetric elements of P
and only symmetrizing at that end.
The first step in our proof of Theorem 1.8 is to find two tangential sixth-order
tridifferential operators on the ambient manifold. This is accomplished in the fol-
lowing two propositions.
Proposition 7.1. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its
ambient manifold. Define B˜ :
(
E˜
[
−n−64
])3
→ E˜
[
− 3n+64
]
by
B˜(u˜, v˜, w˜) = δ˜
(
∆˜(〈∇˜u˜, ∇˜v˜〉) d˜w˜
)
−
n− 6
16
[
w˜∆˜2(〈∇˜u˜, ∇˜v˜〉)− δ˜
(
∆˜2(u˜v˜) d˜w˜
)]
Then B˜ is tangential. In particular, the operator B induced by Sym B˜ is a confor-
mally covariant tridifferential operator of bidegree
(
n−6
4 ,
3n+6
4
)
.
Proof. First observe that B˜(u˜, v˜, w˜) = B˜(v˜, u˜, w˜) for all u˜, v˜, w˜ ∈ E˜
[
−n−64
]
, so it
suffices to show that B˜ is tangential in its first and third components.
We first consider B˜(u˜, v˜, Qw˜) for u˜, v˜, Qw˜ ∈ E˜
[
−n−64
]
. Hence w˜ ∈ E˜
[
−n+24
]
.
Note that ∆˜〈∇˜u˜, ∇˜v˜〉, ∆˜2(u˜v˜) ∈ E˜
[
−n+22
]
. Let f˜ ∈ E˜
[
−n+22
]
. It follows from (2.16)
that δ˜
(
f˜ d˜(Qw˜)
)
= O(Q), and hence w˜ 7→ δ˜
(
f˜ d˜w˜
)
is tangential on E˜
[
−n−64
]
.
Therefore B˜ is tangential in its third component.
We now consider B˜(Qu˜, v˜, w˜) for v˜, w˜ ∈ E˜
[
−n−64
]
and u˜ ∈ E˜
[
−n+24
]
. Us-
ing (2.15) we compute that
∆˜2〈∇˜(Qu˜), ∇˜v˜〉 = −
n− 6
2
∆˜2(u˜v˜)− 8∆˜〈∇˜u˜, ∇˜v˜〉+Q∆˜2〈∇˜u˜, ∇˜v˜〉,
∆˜2(Qu˜v˜) = 8∆˜(u˜v˜) +Q∆˜2(u˜v˜).
Combining this with (2.17) yields
w˜∆˜2
(
〈∇˜(Qu˜), ∇˜v˜〉
)
− δ˜
(
∆˜2(u˜v˜) d˜w˜
)
= −8w˜∆˜〈∇˜u˜, ∇˜v˜〉 − 8δ˜
(
∆˜(u˜v˜) d˜w˜
)
+Q
(
w˜∆˜2〈∇˜u˜, ∇˜v˜〉 − δ˜
(
∆˜2(u˜v˜) d˜w˜
))
,
δ˜
(
∆˜
(
〈∇˜(Qu˜), ∇˜v˜〉
)
d˜w˜
)
= −
n− 6
2
δ˜
(
∆˜(u˜v˜) d˜w˜
)
−
n− 6
2
w˜ ∆˜〈∇˜u˜, ∇˜v˜〉
+Qδ˜
(
∆˜
(
〈∇˜u˜, ∇˜v˜〉
)
d˜w˜
)
.
It follows that B˜ is tangential in its first component.
Finally, since B˜ is tangential, its symmetrization Sym B˜ is also tangential. The
final conclusion follows from Lemma 6.2. 
Proposition 7.2. Let (Mn, g) be a Riemannian manifold and let (G˜, g˜) be its
ambient manifold. Define C˜ :
(
E
[
−n−64
])3
→ E
[
− 3n+64
]
by
C˜ = Sym
(
H˜ − F˜ −
2(n+ 2)
3(n− 2)
G˜−
n− 6
6(n+ 2)
K˜
)
,
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where Sym denotes symmetrization,
H˜(u˜, v˜, w˜) := δ˜
(
(∆˜u)(∆˜v) d˜w˜
)
,
F˜ (u˜, v˜, w˜) := ∆˜
(
〈∇˜u, ∇˜v〉 ∆˜w
)
,
G˜(u˜, v˜, w˜) := ∇˜α
(
δλµναβγw˜λu˜
β
µv˜
γ
ν
)
,
K˜(u˜, v˜, w˜) := (∆˜u˜)(∆˜v˜)(∆˜w˜) + 3∆˜
(
w˜(∆˜u˜)(∆˜v˜)
)
,
and δλµναβγ is the generalized Kronecker symbol. Then C˜ is tangential. In particular,
the operator C induced by C˜ is a conformally covariant tridifferential operator of
bidegree
(
n−6
4 ,
3n+6
4
)
.
Proof. Observe that each of H˜, F˜ , G˜, K˜ is symmetric in its first two components.
Given u˜, v˜ ∈ E˜
[
−n−64
]
and z˜ ∈ E˜
[
−n+24
]
, it thus suffices to compute H˜(u˜, v˜, Qz˜)
and H˜(Qz˜, u˜, v˜) modulo Q, and similarly for F˜ , G˜ and K˜. Throughout this proof
we write A ≡ B to denote that A−B = O(Q).
First consider H˜ . A straightforward computation gives
H˜(u˜, v˜, Qz˜) ≡ 0,
H˜(Qz˜, u˜, v˜) ≡ (n+ 2)δ˜
(
z˜(∆˜u˜) d˜v˜
)
−
n− 6
2
v˜(∆˜u˜)(∆˜z˜).
Second consider F˜ . A straightforward computation gives
F˜ (u˜, v˜, Qz˜) ≡ (n+ 2)
[
∆˜
(
z˜〈∇˜u˜, ∇˜v˜〉
)
− 〈∇˜u˜, ∇˜v˜〉 ∆˜z˜
]
F˜ (Qz˜, u˜, v˜) ≡ −(n+ 2)〈∇˜u˜, ∇˜z˜〉 ∆˜v˜ −
n− 6
2
∆˜
(
u˜z˜∆˜v˜
)
.
Third consider G˜. Since the ambient metric is Ricci flat, we compute that
G˜(u˜, v˜, w˜) = δλµναβγ u˜
α
λ v˜
β
µw˜
γ
ν −
1
2
Rαβγ
ρδµναβwµ(uρv
γ
ν + u
γ
νvρ).
Using the facts (2.3) and
(Qz˜)αβ ≡ 2Xαz˜β + 2z˜αXβ + 2z˜g˜αβ,
we conclude that
G˜(u˜, v˜, Qz˜) ≡ G˜(Qz˜, u˜, v˜) ≡ δλµναβγ u˜
α
λ v˜
β
µ(Qz˜)
γ
ν
≡ (n− 2)
[
2z˜σ2(∇˜
2u˜, ∇˜2v˜) + T1(∇˜
2u˜)(∇˜v˜, ∇˜z˜) + T1(∇˜
2v˜)(∇˜u˜, ∇˜z˜)
]
.
Fourth consider K˜. A straightforward computation gives
K˜(u˜, v˜, Qz˜) ≡ −2(n+ 2)z˜(∆˜u˜)(∆˜v˜),
K˜(Qz˜, u˜, v˜) ≡ (n+ 2)
[
z˜(∆˜u˜)(∆˜v˜) + 3∆˜(v˜z˜∆˜u˜)− 3v˜(∆˜z˜)(∆˜u˜)
]
.
Combining these formulae yields the desired result. 
The second step in our proof of Theorem 1.8 is to identify the constant term in
the restriction of the operators produced above to the underlying manifold.
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Proposition 7.3. Let (Mn, g) be a Riemannian manifold and let B and C be the
operators defined in Proposition 7.1 and Proposition 7.2, respectively. Then
B(1, 1, 1) =
(
n− 6
4
)3
B0,
C(1, 1, 1) =
(
n− 6
4
)3
C0,
where
B0 := −
3
4
∆J2 +∆σ2 + δ (T1(∇J))−
n− 6
4
J3 +
n− 6
2
J |P |2 − 6v3,
C0 := −
2
n+ 2
∆J2 +
2(n− 6)
3(n+ 2)
J3 +
4(n+ 2)
n− 2
v3.
Proof. It follows from Lemma 2.4 and the definition of G˜ from Proposition 7.2 that
G˜(tw, tw, tw) = 2w3t3(w−2)(∂ρ + J)σ2(U) +O(ρ).
Therefore
(7.1) G˜(tw, tw, tw) = 6w3t3(w−2)v3 +O(ρ).
We first apply Lemma 2.4 to the operator B defined by Proposition 7.1. Since
B˜ is tangential, it holds that
B(1, 1, 1) = B˜(tw, tw, tw)
∣∣∣
ρ=0,t=1
for w = −n−64 . Hence, by (2.4) and (2.5),
(7.2) B(1, 1, 1) = −
w2
4
(∂ρ + J)|ρ=0,t=1 ∆˜
2t2w.
Applying (2.5) again yields
∆˜t2w = 2wt2w−2
(
J − ρ|P |2 + ρ2Y
)
+O(ρ3).
Taking the ambient Laplacian of both sides via (2.6) then yields
∆˜2t2w = 2wt2w−4
[
∆J −
n− 2
2
J2
+ ρ
(
−
3
2
∆J2 + 2∆σ2 + 2δ (T1(∇J)) − J∆J − 4Y + nJ |P |
2
)]
+O(ρ2).
Inserting this into (7.2) yields the desired formula for B(1, 1, 1).
We conclude by applying Lemma 2.4 to the operator C defined by Proposi-
tion 7.2. Since C˜ is tangential, it holds that
C(1, 1, 1) = C˜(tw, tw, tw)
∣∣∣
ρ=0,t=1
for w = −n−64 . Hence, by (2.4),
(7.3) C(1, 1, 1) = δ˜
(
(∆˜tw)2 d˜tw
)
+
2w
3(n+ 2)
((
∆˜tw
)3
+ 3∆˜
(
tw(∆˜tw)2
))
−
2(n+ 2)
3(n− 2)
G˜(tw, tw, tw).
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We deduce from (2.5) that(
∆˜tw
)2
= w2t2(w−2)
(
J2 − 2ρJ |P |2
)
+O(ρ2),(
∆˜tw
)3
= w3t3(w−2)J3 +O(ρ).
Combining these with (2.5) and (2.6) yields
δ
((
∆˜tw
)2
d˜tw
)∣∣∣
ρ=0,t=1
= w3
(
J3 − 2J |P |2
)
,
∆˜
(
tw
(
∆˜tw
)2)∣∣∣
ρ=0,t=1
= w2
(
∆J2 + (n+ 2)J |P |2 −
3n− 2
4
J3
)
.
Combining these observations with (7.1) and (7.3) yields the desired formula for
C(1, 1, 1). 
The proof of Theorem 1.8 will be complete once we check that I1 and I2 are
CVIs and compute their rank.
Proof of Theorem 1.8. The authors previously showed [5] that
L1 := −∆J
2 +
n− 6
3
J3,
L2 := −∆|P |
2 − 2δ (P (∇J)) −∆J2 + (n− 6)J |P |2
and v3 are CVIs of weight −6. Observe that
B0 = −
3
4
L1 +
1
2
L2 − 6v3,
C0 =
2
n+ 2
L1 +
4(n+ 2)
n− 2
v3.
and
I1 =
n+ 2
2
C0,
I2 =
3(n+ 2)
8
C0 −B0.
As linear combinations of CVIs of the same weight are CVIs, we conclude that B0
and C0, and hence I1 and I2, are CVIs.
Next, Proposition 7.3 implies that I1 and I2 both have rank at most four. A
straightforward computation shows that none of the operators L11, L
2
2 or L
3
3 asso-
ciated to these invariants vanishes. Therefore I1 and I2 are both of rank four. 
Remark 7.4. Combining Theorem 1.8, Theorem 4.8 and Proposition 7.3 implies that
the conformally covariant tridifferential operatorsB and C are formally self-adjoint.
This is not immediately clear from their construction; see the discussion surrounding
Conjecture 8.3 below for further discussion of possible alternative proofs of formal
self-adjointness.
8. A family of rank 3 conformally covariant operators
Ovsienko and Redou [29] proved that for all n ∈ N and all k ∈ N0, and all but
finitely many choices of (λ, µ) ∈ R2, there is a unique (up to multiplicative constant)
conformally covariant bidifferential operator D : E [λ]×E [µ]→ E [λ+µ− 2k] on the
round n-sphere. When n > 2k, their result applies to the choice λ = µ = −n−2k3
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which, by Lemma 3.7, is the only operator in this family which can be formally self-
adjoint. In this section, we use the ambient metric to give a new construction of the
Ovsienko–Redou operators with λ = µ = −n−2k3 . As a consequence, we construct
curved analogues of these operators on all Riemannian manifolds of dimension
n ≥ 2k. This dimensional restriction ensures that the ambiguity of the ambient
metric is not seen in our construction.
Theorem 8.1. Let (Mn, g) be a Riemannian manifold with ambient space (G˜, g˜)
and let k ≤ n/2 be a nonnegative integer. Given u, v ∈ E˜
[
−n−2k3
]
, define
D˜2k(u, v) := (−1)
k
k∑
s=0
k−s∑
t=0
ak−s−t,s,t∆˜
k−s−t
((
∆˜su
)(
∆˜tv
))
,
where ∆˜ is the Laplacian of g˜ and
ar,s,t =
k!
r!s!t!
Γ
(
n+4k
6 − r
)
Γ
(
n+4k
6 − s
)
Γ
(
n+4k
6 − t
)
Γ
(
n−2k
6
)
Γ
(
n+4k
6
)2 .
for k := r+ s+ t. Then D˜2k is tangential, and in particular induces a conformally
covariant bidifferential operator D2k of bidegree
(
n−2k
3 ,
2n+2k
3
)
.
Remark 8.2. Note that ar,s,t is symmetric in r, s, t; i.e.
ar,s,t = ar,t,s = as,r,t = as,t,r = at,r,s = at,s,r.
Proof. Remark 8.2 implies that D˜2k(u, v) = D˜2k(v, u). It thus suffices to show that
D˜2k(Qu, v) ≡ 0 mod Q for all v ∈ E˜
[
−n−2k3
]
and u ∈ E˜
[
−n−2k+63
]
. This follows
immediately from the identity
∆˜r
(
(∆˜sQu)∆˜tv
)
≡ 2s
(
n+ 4k
3
− 2s
)
∆˜k−s−t
(
(∆˜s−1u)∆˜tv
)
− 2r
(
n+ 4k
3
− 2r
)
∆˜r−1
(
(∆˜su)∆˜tv
)
mod Q
and the definition of ar,s,t. Since D˜2k is tangential, Lemma 6.2 implies that it
induces a conformally covariant operator of bidegree
(
n−2k
3 ,
2n+2k
3
)
. 
The symmetries of Remark 8.2 imply that D˜2k is formally self-adjoint as an
operator on (G˜, g˜). For this reason we expect that the induced operator D2k is
formally self-adjoint on (M, g).
Conjecture 8.3. Let (Mn, g) be a Riemannian manifold and let k ≤ n/2 be a
positive integer. Then the operator D2k of Theorem 8.1 is formally self-adjoint.
Fefferman and Graham [17] recently gave a direct proof that the GJMS operators
are formally self-adjoint using only their ambient construction [21] and a clever
combinatorial argument found by Juhl and Krattenthaler [26]. Alternative proofs of
the formal self-adjointness of the GJMS operators involve their relation to scattering
theory [22] or their definition through formal properties of Poincare´ manifolds [15].
It seems more likely to us that a generalization of the direct argument of Fefferman–
Graham and Juhl–Krattenthaler will verify Conjecture 8.3.
It is straightforward to derive formulae for the Ovsienko–Redou operators for
small k, and thereby verify Conjecture 8.3 in these cases.
CONFORMALLY COVARIANT POLYDIFFERENTIAL OPERATORS 35
Theorem 8.4. Let (Mn, g) be a Riemannian manifold. If n ≥ 2, then
(8.1) D2(u, v) = −∆(uv)− u∆v − v∆u +
4(n− 2)
3
Juv.
If n ≥ 3, then
D4(u, v) = ∆
2(uv) + u∆2v + v∆2u
+
2(n− 4)
n+ 2
(∆(u∆v + v∆u) + (∆u)(∆v))
−
2(4n2 − 17n+ 22)
3(n+ 2)
(
δ (J d(uv)) + uδ (J dv) + vδ (J du)
)
+
2(n+ 2)
3
(
δ (P (∇(uv))) + uδ (P (∇v)) + vδ (P (∇u))
)
+
8(n− 1)(n− 4)
3(n+ 2)
Q4uv +
8(n− 4)3
9(n+ 2)
σ2uv.
(8.2)
In particular, both D1 and D2 are formally self-adjoint.
Proof. By Definition,
D˜2(u˜, v˜) = −∆˜(u˜v˜)− u˜∆˜v˜ − v˜∆˜u˜
for u˜, v˜ ∈ E˜
[
−n−23
]
. Let u, v ∈ C∞(M) and set u˜ = t−
n−2
3 u and v˜ = t−
n−2
3 v, where
u, v are extended to G˜ by requiring that ∂tu = ∂ρu = 0 and ∂tv = ∂ρv = 0. It
follows from (2.6) that
D˜(u˜, v˜)
∣∣∣
t=1,ρ=0
= −∆(uv)− u∆v − v∆u+
4(n− 2)
3
Juv.
Equation (8.1) follows from the fact that D˜2 is tangential.
By definition,
D˜4(u˜, v˜) = ∆˜
2(u˜v˜) + u˜∆˜2v˜ + v˜∆˜2u˜+
2(n− 4)
n+ 2
[
∆˜
(
u˜∆˜v˜ + v˜∆˜u˜
)
+ (∆˜u˜)(∆˜v˜)
]
for u˜, v˜ ∈ E˜
[
−n−43
]
. Let u, v ∈ C∞(M) and set u˜ = t−
n−4
3 u and v˜ = t−
n−4
3 v, where
u, v are extended to G˜ by requiring that ∂tu = ∂ρu = 0 and ∂tv = ∂ρv = 0. It
follows from (2.6) that
∆˜2(u˜v˜)
∣∣∣
t=1,ρ=0
=
[
∆2 −
n− 4
3
J∆−
2(n− 4)
3
∆J −
n+ 2
3
δ(Jg − 2P )d
+
4(n− 1)(n− 4)
9
J2 −
2(n+ 2)(n− 4)
9
|P |2
]
(uv),
∆˜2u˜
∣∣∣
t=1,ρ=0
=
[
∆2 −
2(n− 4)
3
J∆−
n− 4
3
∆J +
n− 10
3
δ(Jg − 2P )d
+
(n+ 2)(n− 4)
9
J2 +
(n− 4)(n− 10)
9
|P |2
]
u,
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where the quantities in the square brackets are compositions of operators; e.g.
[∆J ](u) := ∆(Ju). Applying (2.6) again yields
∆˜
(
u˜∆˜v˜
)∣∣∣
t=1,ρ=0
= ∆(u∆v) −
n− 4
3
Ju∆v −
n+ 2
3
uδ ((Jg − 2P )(∇v))
+
n− 4
3
[
−∆J +
2(n− 1)
3
J2 −
n+ 2
3
|P |2
]
(uv),
(∆˜u˜)(∆˜v˜)
∣∣∣
t=1,ρ=0
= (∆u)(∆v) −
n− 4
3
Ju∆v −
n− 4
3
Jv∆u +
(
n− 4
3
)2
J2uv.
Combining the previous two displays and using the fact that D˜4 is tangential yields
D4(u, v) = ∆
2(uv) + u∆2v + v∆2u+
2(n− 4)
n+ 2
(∆(u∆v + v∆u) + (∆u)(∆v))
−
2(n− 2)(n− 4)
n+ 2
(
∆(Juv) + Ju∆v + Jv∆u
)
−
n− 4
3
(
(u∆(Jv) + v∆(Ju) + J∆(uv)
)
−
n+ 2
3
(
δ(Jg − 2P )d(uv) + uδ(Jg − 2P )dv + vδ(Jg − 2P )du
)
+
4(n− 4)(4n2 − 11n+ 16)
9(n+ 2)
J2uv −
4(n+ 2)(n− 4)
9
|P |2uv.
Rewriting this using the identities
∆(Juv) + Ju∆v + Jv∆u − uv∆J = δ (J d(uv)) + uδ (J dv) + vδ (J du) ,
u∆(Jv) + v∆(Ju) + J∆(uv)− 2uv∆J = δ (J d(uv)) + uδ (J dv) + vδ (J du)
yields (8.2). 
9. A family of critical-order operators
We now give our final ambient obstruction of formally self-adjoint conformally
covariant polydifferential operators. First, we construct a family of ℓ-differential
operators, ℓ ≡ 3 mod 4, of all critical orders. Second, we construct a family of j-
differential operators, j ≡ 5 mod 6, of all critical orders, assuming Conjecture 8.3
holds.
In terms of the ambient metric, these operators are obtained by considering
certain combinations of the divergence, powers of the Laplacian, and the inner
product of gradients. This task is greatly simplified by the following proposition.
Proposition 9.1. Let (Mn, g) be a Riemannian manifold and suppose that
D˜ :
(
E˜ [−2]
)ℓ
→ E˜ [2− n]
is a tangential operator in the ambient space which induces a formally self-adjoint
operator on (Mn, g). Define
F˜ :
(
E˜ [0]
)2ℓ+1
→ E˜ [−n]
by
F˜ (u1, . . . , uℓ, v1, . . . , vℓ, w) := δ˜
(
D˜(〈∇˜u1, ∇˜v1〉, . . . , 〈∇˜uℓ, ∇˜vℓ〉) d˜w
)
.
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Then F˜ is tangential and Sym F˜ induces a formally self-adjoint conformally covari-
ant polydifferential operator on (Mn, g).
Proof. Since D˜ and the inner product (u, v) 7→ 〈∇˜u, ∇˜v〉 are symmetric, it suffices
to prove that
F˜ (u1, . . . , uℓ, v1, . . . , vℓ, Qz) ≡ 0 mod Q,(9.1)
F˜ (Qz, u2, . . . , uℓ, v1, . . . , vℓ, w) ≡ 0 mod Q(9.2)
for any u1, . . . , uℓ, v1, . . . , vℓ, w ∈ E˜ [0] and any z ∈ E˜ [−2]. On the one hand,
F˜ (u1, . . . , uℓ, v1, . . . , vℓ, Qz) ≡ 2(n+ 2)f˜w + 2X(f˜z) + 2f˜Xz mod Q
for f˜ := D˜(〈∇˜u1, ∇˜v1〉, . . . , 〈∇˜uℓ, ∇˜vℓ〉). The facts Xz = −2z and X(f˜z) =
−nf˜z imply that (9.1) holds. On the other hand, since v1 ∈ E˜ [0], it holds that
〈∇˜(Qz), ∇˜v1〉 = Q〈∇˜z, ∇˜v1〉. As D˜ is tangential on
(
E˜ [−2]
)ℓ
, we conclude that
there is a φ˜ ∈ C∞(G˜) such that
D˜(〈∇˜(Qz), ∇˜v1〉, . . . , 〈∇˜uℓ, ∇˜vℓ〉) = Qφ˜.
Combining this with the identity
δ˜(Qφ˜ d˜w) ≡ 2φ˜Xw mod Q
yields (9.2). Therefore F˜ , and hence Sym F˜ , is tangential.
We now show that Sym F˜ induces a formally self-adjoint operator on (M, g). It is
straightforward to check using (2.1) that if u˜ := tµu ∈ E˜ [0] and φ˜ := tνφ ∈ E˜ [2−n],
where u = u(x, ρ) and φ = φ(x, ρ), then
(9.3) δ˜
(
φ˜ d˜u˜
)∣∣∣
ρ=0,t=1
= δ (φdu) .
Let D : C∞(M)ℓ → C∞(M) be the operator induced by D˜. We conclude from (9.3)
that the operator induced by Sym F˜ is
F (u1, . . . , u2ℓ+1) =
1
(2ℓ+ 1)!
×
∑
σ∈S2ℓ+1
δ
(
D
(
〈∇uσ(1),∇uσ(2)〉, . . . , 〈∇uσ(2ℓ−1),∇uσ(2ℓ)〉
)
duσ(2ℓ+1)
)
.
It follows that
− (2ℓ+ 1)!
∫
M
u0 F (u1, . . . , u2ℓ+1)
=
∑
σ∈S2ℓ+1
∫
M
〈∇u0,∇uσ(1)〉D
(
〈∇uσ(2),∇uσ(3)〉, . . . , 〈∇uσ(2ℓ),∇uσ(2ℓ+1)〉
)
.
Since D is formally self-adjoint, we conclude that
− (2ℓ+ 2)!
∫
M
u0 F (u1, . . . , u2ℓ+1)
=
∑
σ∈S2ℓ+2
∫
M
〈∇uσ(0),∇uσ(1)〉D
(
〈∇uσ(2),∇uσ(3)〉, . . . , 〈∇uσ(2ℓ),∇uσ(2ℓ+1)〉
)
.
In particular, F is formally self-adjoint. 
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We present two applications of Proposition 9.1. The first uses the GJMS oper-
ators to construct a suitable operator D˜. This yields the aforementioned family of
j-differential operators, j ≡ 3 mod 4.
Corollary 9.2. Let (M2k, g) be an even-dimensional Riemannian manifold and let
ℓ ∈ N be such that 2ℓ ≤ k. Define D˜ :
(
E˜ [−2]
)2ℓ−1
→ E˜ [2−2k] as the symmetrization
of
(u1, . . . , u2ℓ−1) 7→ u1 · · ·uℓ−1∆˜
k−2ℓ(uℓ · · ·u2ℓ−1)
and define F˜ :
(
E˜ [0]
)4ℓ−1
→ E˜ [−2k] by
F˜ (u1, . . . , u4ℓ−1) := δ˜
(
D˜
(
〈∇˜u1, ∇˜u2〉, . . . , 〈∇˜u4ℓ−3, ∇˜u4ℓ−2〉
)
d˜u4ℓ−1
)
.
Then F˜ is tangential and Sym F˜ induces a formally self-adjoint conformally covari-
ant polydifferential operator on (M, g).
Proof. In dimension 2k, the operator ∆˜k−2ℓ : E˜ [−2ℓ]→ E˜ [2ℓ− 2k] is tangential [21]
and induces [17, 22] a formally self-adjoint operator on (M, g), namely the GJMS
operator of order 2k− 4ℓ. It follows that D˜ :
(
E˜ [−2]
)2ℓ−1
→ E˜ [2− 2k] is tangential
and induces a formally self-adjoint operator on (M, g). The final conclusion follows
from Proposition 9.1. 
Remark 9.3. We have restricted to the case of critical dimension — that is, to
finding a conformally covariant polydifferential operator F acting on E [0] — in order
to indicate the variety of constructions of polydifferential operators while keeping
relatively simple formulas. We expect that Proposition 9.1 can be extended to
general dimensions. For example, it is straightforward to show that if (G˜n+2, g˜) is
the ambient space of an n-dimensional Riemannian manifold, then
(9.4) F˜ (u, v, w) := δ˜
(
∆˜k−2(〈∇˜u, ∇˜v〉) d˜w
)
−
n− 2k
8(k − 1)
[
w∆˜k−1(〈∇˜u, ∇˜v〉)− δ˜
(
∆˜k−1(uv) d˜w
)]
is tangential on E˜
([
−n−2k4
])3
for all integers 2 ≤ k ≤ n/2 (cf. Proposition 7.1).
When n = 2k, this recovers the rank four example of Corollary 9.2. However,
generalizing (9.4) to higher ranks requires adding additional terms with coefficients
factoring through (n− 2k)j, j ≥ 2.
Our second application uses the Ovsienko–Redou operators to satisfy the hy-
pothesis of Proposition 9.1. This yields the aforementioned family of j-differential
operators, j ≡ 5 mod 6.
Corollary 9.4. Let (M2k, g) be an even-dimensional Riemannian manifold and let
ℓ ∈ N be such that 3ℓ ≤ k. Define D˜ :
(
E˜ [−2]
)3ℓ−1
→ E˜ [2−2k] as the symmetrization
of
(u1, . . . , u3ℓ−1) 7→ u1 · · ·uℓ−1D˜2k−6ℓ(uℓ · · ·u2ℓ−1, u2ℓ · · ·u3ℓ−1),
where D˜2k−6ℓ is the operator of Theorem 8.1. Define F˜ :
(
E˜ [0]
)6ℓ−1
→ E˜ [−2k] by
F˜ (u1, . . . , u6ℓ−1) := δ˜
(
D˜
(
〈∇˜u1, ∇˜u2〉, . . . , 〈∇˜u6ℓ−3, ∇˜u6ℓ−2〉
)
d˜u6ℓ−1
)
.
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Then F˜ is tangential and Sym F˜ induces a conformally covariant polydifferential
operator on (M, g). Moreover, if either ℓ = ⌊k/3⌋ or Conjecture 8.3 holds, then the
operator induced by Sym F˜ is formally self-adjoint.
Proof. In dimension 2k, Theorem 8.1 implies that D˜2k−6ℓ : E˜ [−2ℓ] → E˜ [2ℓ − 2k] is
tangential. We conclude from the proof of Proposition 9.1 that both F˜ and Sym F˜
are tangential.
If ℓ = ⌊k/3⌋, then k − 3ℓ < 3, and hence Theorem 8.4 implies that the operator
induced by D˜ is formally self-adjoint. If instead Conjecture 8.3 holds, then the
operator induced by D˜ is formally self-adjoint. Thus in either case the operator
induced by D˜ is formally self-adjoint, and hence Proposition 9.1 also implies that
the operator induced by Sym F˜ is formally self-adjoint. 
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